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P R O CE M I U M. 


Ante biennium iere, cum theoriam functionum ellipticarum ac- 
curatius examinare placuit , incidi in quaestiones quasdam gravis- 
simas, quae et theoriae illi novam faciem creare, et universam 

* • 

artem analyticam insigniter promovere videbantur. Quibus ad 
exitum felicem et propter difficultatem rei vix expectatum per- 
ductis, prima earum momenta breviter et sine demonstratio- 
ne, mox cum vehementius illa desiderari, et invento novo vix 
fidem tribui videretur, addita demonstratione, cum Geometris 
communicavi. Urgebar simul, ut systema completum quaestio- 
num a me susceptarum in publicum ederem. Cui desiderio ut ex 
parte saltem satisfacerem, fundamenta, quibus quaestiones meae 

superstructae sunt, in publicum edere constitui. Quae fundamenta 

* , 

nova theoriae functionum ellipticarum iam indulgentiae Geometra- 
rum commendamus. 


0 


Ut a typographorum mendis, quantum iieri potuit, mundus 
evaderet liber, Cl. Scherk curare voluit, cui ea de re valde me 
obstrictum esse profiteor. Quae emendanda restant, ad calcem 
adiecta sunt. 

tu. lfelir. a. 1829 
a<l Univ. Regiom. 
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TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM. 


EXPOSITIO TROBLEMATIS GENERALIS DE TRANSFORMATIONE. 


1 . 


Lntegralia maxime memorabilia, quae Formula exhihcntur y^.— , et quae Func- 

tioouin Ellipticarum, quae dicuntur, primam speciem constituunt, ab Argumento du- 
plice pendent , et ab Amplitudine et a Modulo k. Kiusmodi functionis inter se compa- 
ratis valoribus, quos illa pro diversis Amplitudinibus obtinet, eodem manente Modulo, 
egregia mulla detexerant Analystae, quae Additionem eorum et Multiplicationem spectant. 
Quam nuper vidimus quaestionem a Cl. Abtl in Commentatione, nostro laude majore , mi- 
rum in modum provectam esse (V. Crelte Journal fur reine und angewandle Mathema- 
tik V. II.). 

Alia est quaestio nec miuoris momenti — immo sensn latissimo capta illam invol- 
vens — de comparatione Functionum Ellipticarum pro Modulis instituenda diversis. 
Quam quaestionem post praeclara inventa Cl' Legendrt — Theoriae Functionum Ellipti- 
carum Conditoris — ad principia certa nos primi revocavimus, eiusque solutionem desii- 
mus, generalem (V. A.tronomuche Ncichrichttn A. 1887. No. 12S. 127). Hanc nostram de 
Transformatione Theoriam et qnae alia inde in Analysin Functionum Ellipticarum redun- 
dant, iatn fusius exponemus. 
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Problema, quoti nobis propouimus, generale hoc est: 

„ Quaeritur Functio rationalis y elementi x ejusmodi , ut sit: 
d y d i ^ 

Z' v+By+cy + Dy+ty /* a+b«+ c.>+di'+Ei» 

Quod Problema et Multiplicationem videmus amplecti et Transformationem. 

Innumera iam diu constabant exempla eiusmodi functionum rationalium y, quae 
problemati proposito satisfaciunt. Primum notum erat, quicunque datus sit numerus in- 
teger impar n , ciosmodi fuuctiouem rationalem y exhiberi posse , ut sit : 

d y n«Ix 

v".\ + Bj + Cj * + Dj • +%« Z ~ A + + ’ 

tjuocl est de Multiplicatione theorema. Quem in fiuem adhiberi debet fornta : 

* la f ** + •*"■* +••• + ll BO )l nn 

l^b+b^+bV+b-V-p ... + W“)i»» ’ 

( «efficientibus a , a', a", b, b', b", ... rite determinatis. Satis diu etiam ex- 

ploratum est, formam hanc: 

.-t- 

1 b+b.+b*'.* ' 

seu hanc generaliorem: 

»+»*.+ »V + »V -p ... + »(» "‘V* 

b4'b’* + t’’i 1 +b' , i , + . . 

quae ex illius substitutionis repetitione ortum ducit, ita determinari posse, ut solvat pro- 
blema. Nuper admodum etiam prolutum est a Cl* Legeiidre, eum in finem adhiberi posse 
formam hanc rite determinatam : 

. + .-.+.V+.-V 

J “ b + b*«+b"«*-t-b i,, i' 1 

seu rursus, eadem substitutione repetita, hanc generaliorem: 

7 ~ b + b'i+bV-f b“.' + b M'”V“ ' 

» 

His inter se iunctis formis patet, problemati satisfieri posse, idonea facta Coellicienlium 
electione, posito: 

» -p ,•« -p ,y + ■+■ . , . 4. »U*>,p 

7 ~ b+b.+bV+W-p . . . + ’ 

• 
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siquidem p sit unmerns formae 2“ S» 3 (2in-f-i)'. lam fequentibus probabitur, ulem va- 
lere, quicunque ait p numerus. 


rniNCiriA transformationis. 

■ 3 . 

Designentur per U, V functiones rationales integrae elementi x ; sit porro y=^-; fit: 

Jv VdU_UdV 


y A+Dj + Cy+UV + ^jr* 


/ Y 


— I 


brevitatis causa posito: 


Y-=A‘V'4.iyv»U + C'V*U*.pIl’VU'+E'U*. 


Fractionem 


VdU — UdV 


/v 


in formam simpliciorem redigere licet, quoties Y factores duplices 


habet ; quin adeo , ubi praeter quatuor factores lineares inter se diversos e reliquorum nu- 
mero bini inter se aequales existunt, fractio illa sponte in Differentiate Functionis Ellipti- 
cae redit — J * - - ■ T designante U functionem elementi x rationalem. 


v/~ A + B.-t-C^ + D.i+E,*’ 

Quem accuratius examinemus casum ac videamus, quot et quales sibi poscat Conditiones. 

Sint functiones U, V altera p u , altera m'* ordinis, ita ut m<p: erit Y (4p)** or- 
dinis. Iam ut, quatuor factoribus linearibus exceptis, e reliquis functionis Y factoribus, 
quorum est numerus 4 p — -4, bini inter se aequales evadant, (2 p — 2) Conditionibus 
satisfaciendum erit. Quot enim functio proposita duplices habere debet factores lineares, 
tot inter Coefficientes cius intercedere debent Aequationes Comlitionales. 

At functionibus U, V Quantitates Constantes Indeterminatae insunt m -t- p -+- 2, 
seu potius m-t-p-t-l, quippe e quarum numero unam aliquam =1 ponere licet. Qua- 
rum igitur numero vel aequatur numerus Conditionum 2p — 2 vel ab eo superatur, modo 
supponatur, m esse aliquem c numeris p — 3, p — 2, p — 1, p, quibus casibus numerus 
Indeterminatarum fit resp. 2p — 2, 2p — 1, 2p, 2p-4-l. Duos priores casus reiicien- 
dos esse cum infra demonstrabitur, tum hunc in modum patet. Namque inventis functio- 
nibus U, V, quae functioni Y formam illam praescriptam conciliant, ubi loco x substitui- 
tur «-+-0X, neque ordo mutatur functionum U, V, Y, neque numerus factorum dupli- 
cium functioois Y: unde in solutionem iuventam statim duas Quantitates Arbitrarias iu- 

A 2 
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ferre licet. Itaque numerus Indeterminatarum numerum Conditionum dnabu» saltem uni- 
tatibus superare debet , unde casus m = p — S, m=:p — 2 reiiciendi s«ut. Porro sidemus, 
loco x posito , tertium casum ad quartum reduci et quartum utiuinie uiutari , quo 

igitur casu Indeterminatarum tres et arbitrariae manent et manere debent. 

Iam igitur evictum est, quautum quidem e uuuiero ludetcriniuatarum ei numero 
Conditionum inter se comparatis concludere licet , quicunque sit p numerus , formam : 

1+4I + 1*1* 4* . . . + 

l+b.-f bV-t 

• • • - * - ' / i 

ita determinari poste, ut sit: 

. •* a 

d )• d I 


S+By + C ') 1 + Dy» +£•)* m/a+B>+Ci'+U.> + E,* 

, # B | ^ ^ x,( ; 

designante M functionem rationalem ipsius x ; imo solutionem tres Quantitates Arbi- 
trarias involvere posse. 


4 . 


, i 


Ul determinetur functio illa M, sit Y = (A -t- Bx Cx’ Dx* -t- Ex’) T T , de- 
signante T functionem elementi x integram rationalem : erit 

I * * 

T 


—»j£_ v.iZ' 

• d» di t r -■ * » * I . » i ’ *• . 

Ipsa T erit ordinis (2p — 2) a ; nec maium esse potest V U lam casibus qui- 

i ' 

busdam constat, scilicet ubi numerus p formam illam habet i*S 3 (2u-t-l) , M adeo 
fieri Constantem. Idem generaliter probabitur sequentibus, quicnuque sit p numerus. 

Functiones U, V supponere possumus factorem communem non habere; adiecto 
enim factore communi, fractio y non mutatur. Resolvamus expressionem 
A’+BV+Cjr» + Dy +r T * 


in factores lineares, ita ut sit: 

v+B-y+c, *+!)>• 4.Ey=A'.(i-«v>-(t-/rr)0-VrU‘-*'r). 

uude etiam: 

y«x A'V* +BfV»U+CV*U*-fDfVU'-f-E'U 4 =A'(V _«'U) (V — tfll)(V— t 'U)(T _ru). 
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laui existere non potest factor, qui quantitatibus V — »'U, V- — &U , V — yU, 

V — VU vel omnibus vel imo duabus tautum ex earum numero communis sit ; idem enim 
et V et U simul metiretur, quas factorem communem non habere supposuimus. Itaque ubi 
factor aliquis linearis functionem T Lis metitur, idem unam aliquam e quantitatibus V — ali* 

V — jffl! , V — yu , V — i'U et ipsam bis metiatur uecesse est. 


[ , iam notentur aequationes sequentes: . •■ / 


i 


1 

D 1 

"O 1 
'l 
P 

d( v — 'U> 

JU 4V 

j7- L 7r 


*■ 'dl 

da u 

„ ‘ y 

au 

fV A'IT\ __ 

rffv-pru) „_ v 


t 

l ▼ — i» u; — — 
dz 

dz 

di * d* 


au 

/v— « v'Lh 

f( v -yu) v _ v 

dU „dv 
77~ U I7 


v T -“i XJ ) ~r 
dz 

d* p* 

< f t 

(V_S-U)1?~ 

dz 

4fV~*U> v „ 

dz 

dl) dV • » . 

•17 d,’ , ( 

! ■ d -«■ 



e quibus sequitor , factorem qui nnam aliquam e quaBtiWfibus V-utrfO, V — tfU, V C, 

V — VU bis ideoque etiam eius tlifferentiale metiatur , eundem metiri expressionem 

V — — U Prodactam vero ex ontnibn» istis factoribus, ipsam etiam Y bis metienti- 

dz dz * 

bus, conflatum posuimus =rT , unde T ipsam — l 1 meHetur. At T inferioris or- 
dinis non est quam ipsa V ^ — U , unde videmus 


abire iu Constantem. 


M - 


d i d. 



Ceterurt adnotemus, ubi functiouum U, ^ altera iuferioris ordinis - fuisset quam 

(p l)' 1 , ipsam etiam V — U ^ inferioris ordiois fuisse quamT, quae tamen illam 

metiri debet; quod cum absurdum sit, reiici debebant casus m s= p — 2 , m=p — S. 

lam igitur demonstratum est, formam i 


a 

b+b’i-t-k"*+ . . . ■+• b 1 * 1 .* 
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quicunque eit numerue p, ita determinari potte, ut prodeat : 

• . aiy » • «1 z 

/A + B' r +C'}* + DV + ty v'A + B*4-C,>^-l)i'+E.* 

Quod eet Principium in Theoria Traneformationum Functionum Ellipticarum Funda- 
mentale. 

PROPONITUR EXPRESSIO x ■ . -j = r =: .. : .i - - IN PORMAJI 

V ± <y-«) (y— 0) (r—r) 0-*) 

SIMPLICIOREM REDIGENDA - -- d * - - — . 

M/ (1-.) (l-k'«') 

5. 

Trium Constantium Arbitrariarum ope, quas solutionem Problematis nostri ad- 
mittere vidimus , expressio A Bx -t- Cx J -t- Dx‘ -+- Ex* in simpliciorem redigi potest hanc: 
A(l — x’)(l — k*x’). Ut hoc et reliqua, quae modo demonstrata sunt , exemplis etianr 
monstrentur , propositum sit , datam expressionem : 

dy . ,. ..‘-‘.s. , 

V ±(r-«) Cy-fl) (r —>)(} - 

facta substitutione: 

.+.-.+.V 

1 b+bi+bV 

in simpliciorem transformare hanc: 

di 

m/“ C l— »*> (1— 

Quaeritur de substitutione adhibenda, de Modulo k et de factore Constante M e datis 
quantitatibus a, B , y , % determinandis. 

Ponatur a -t-a’x-+-a"x’ = U, b -+• b'x -+- b"x ' = V , y=— : e principiis modo ex- 
positis fieri debet : 

(U_«V)(U-0V)tU— r V)(U-IV) = K<t_,>)(t_k’0(l + mi)*(l+ n .)V 
designante K Constantem aliquam arbitrariam. Hinc videmus duos e numero factorum 
U — «V, L’ — /3V, U — yV , U — b V , qui erunt secundi ordinis, adeo fieri quadrata. 
Ponamus igitur: 

U — TV = C(t + mi)* 

U— tV = D(l + «»)*. 
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lam quod reliquos atliuel faetores U — «V, U — /3V, poni poterit, aut: 

U-«V = A(1-*»). 0— flV = B(l_k*«»), »ui: 

U-«V= A.(l — U-flV = B(l + .)(l + k«), 

designantibus A , B, C, D quantitates Constautes. Prius rauciendum erit. Prodiret enim 
llfc,.. . sequeretur, elemento x in — x mutato y immutatum 

inanere, quod absurdum esae patet ex aequationibus: 

U— «v y — « a i — k’ 

U — yV = y — y ~ B ^{l + mxj’ 

U — «V y — « A 1 — k* 

U — i V — — J “ 77' (l+ni)’ ' 

" • ’ i . 1 

Poni icitur debet: 

l) l)—«V=A(t —«).(!— ki) 
t) U-0V = B<l+x).(l+k.) 

. S) U— rV-C(t + m«)* 

4) U — JV^DCt + n.)*. 

Aduotarc convenit, e Constantibus A, B, C, D unam aliquam ex arbitrio determinari 
posse. 

6 . 

Videmus ex aequatione i), et posito x= 1 et posito x = -^- fieri U=«Y. Hinc ex 

aequatione : 

U— irV _ C (1 + mx)* 

U-flV - B ' (t+*) (l+k«) • 

posito x= 1 , prodit: 

k — y C ft-pm) 1 
m-a “ ¥' *(l+k) 1 

posito x=-j- : 



unde : « 

U+m)*=k^iq-^-j . 
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Pronus simili modo invenitur ; ' , 

unde m a/k, n=-—f/k. Neque enim aequales ponere litet in er n ; tum enim expressio 
> «deoque ipsa y abiret in Constantem. 

lam in aequatione: 

u- yv T-t c ji+A^r 

U_fv “T^T-n ’ j ,_^ k - 

ponatnr primum x = -4- 1 , quo casu U = « V; deinde x = — i , quo casu U =fl V: 
prodeunt duae aequationes sequentes : 

— y . ll+VT- j ’ 

U 1 1 — VTi| 
fl-Y C 1 1 — V~fc i * 
fl-J D Jl + VM ‘ 

# 

Quibus in se ductis aequationibus, fit: 

£. = . / ^-7)13 -Y> 

l> V t« — ijlfl — i) ’ 

unde ponere licet : 

c (,- V )(a-Y) i ; i — • ; ..«> ~ > . ! 

D = s/~ (« — (3 — ij ; 

nam c quantitatibus A, B, C, D una ex arbitrio determinari poterat. ' 

Ex iisdem aequationibus, altera per alteram divisa, obtinemus: • 


t+yfc v (*—y)< 3 — S) 


l -^ Ta- 


Y) 


unde : 


V4 = 


V (« — Y) (fl — 3) — ]/"<» — >) (0 — y) 

V <• — y) ( 0 -*; + V' <«— l/ffl— y) 

Adnotetur adhuc formula : 

^ + J j 1 f («— Y) (P —?) + </*’«— >)(fl — y) 

^ •f l« — Y )lQ — h — S (■ — Ijlfl— Y< 


.• I 
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d-^/t LU . - 

* W/ Z' («-T) Cfl-J) — (« — 03 — r) 

— +«/<r= ^3r . ■__ . 


Ut Constantes A , B, definiantur, obserro, ex aequationibus !), 2), S), posito x = - 1 

‘ y\ * 

quo facto U=iV, erui: * , 




7 4/ (« — >) (0 -7) 


-v |/~ («-■»>( 4-») - /'(«— r> J 

j/ («— v) </»-*)- /{— t)Ca- t ) | 


W-vtM- 


K principiis generalibus «upra a nobis stabilitis sequitur, in exemplo nostro expres- 
sionem V-^ U *“j~~ aequalem fore producto (t-4-/kx) (l — ✓kx) in quantitatem con- 

stantem ducto, quod ita facto caicnJo comprobatur. 

Fit, uti evolutione facta constat: 

Nacti autem sumus: 

v_,u«C(t+yvi)* 
v— tU=D(t- /v*)\ 


<l(V_ 7 Ut 


d(V_»U) 


= tC(I+yt.«)Vk 


=— *D(t-yk.*)W 
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t . 


Unde prodii: 

tyv.t>o<! +-^k •’)('- v> • *>• - { - •] 

Hi» omnilius rhe collectis, olitiuemus: 

I - i ii- 

dy _ — 4V'k / Ci>" ■ <iy 1 * 

, — o— *0ty — /3)0 — »)(y — *) v * - * — A ^> .yCl*TrJ4 *J O-tV*!) . 

unde : i 



'M 
% 
W 

l tiy.' 


• /'i V~ (« — r)(0—?l + y r («— *)(P— 7) J («— r)(^— $) — y^~ («— 8)(3 — t) j 

' ' _ ; y — -7 - i 1 < ( . ,*'\f _ 4 f £.l-y - . . y / 


Posito (« — 7 ). (/3— &)=G, (« — 5>)(0 — ‘y) = G\ fit: 

di <1* 


w-wy , 

r 1 • ! • - . ' • • *. ’ t ‘ 

Sit Genius, &'=?=iLn, sit porro; .. ... .. . .■ . .. 1 .. '+ ■ 


ni' =j(in + ci), p' = y/ m n 


„ l . ‘ „ r—rr 

== — (m+n), n ~ y m n ( 


erit, posito x = Sin (p : 


1 - t 


Atp 


M f (1 — 1 ! ) {1 — k’ «*) v nr«r Coi $>' + p"n' Sio 

C elerum valor ipsius x facillime computatur ope formulae: 
1— v'k.« *f (« — T)(fl — y) 


i — y~k . 1 , («t — t) ( 3 — y) / y — S 

1+ylt.» - V {«— i)(0— J) ‘V y— t 


lilii: 




A-A 4. 


m m — n n 


A+A 
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8 . 

X # } * • * 

Quantitate» «, /3, >, i i„ formulis propositis ex arbitrio inter sc permutare licet. 
Quo<l in arbitrio nostro positum certum fit ac definitum, simulae conditio addatur, ut, 
siquidem fieri possit, transformatio per substitutionem realem succedat. Id quoti accu- 
ratius examinemus. 

Ponamus, quantitates «, B, y, i reales esse omnes; «it porro »>0>y>i, ita ut 
a — B, « — y, «— i sint quantitates positivae. Jam distinguendum erit pro limitibus, in- 
ter quos valor argumenti y continetur: 

*) t «* Tr> *) r «t 3. S) 0 et « , 4} et ei i. 

Casu postremo transitum ab a ad* per infinitum fieri puta. Kxpresttnnem 1 

/V«Xy-Mj-vXy-*j 

non rusi casu secundo et quarto, expressionem - _____ Ilon msi 

V’ -(y— «)b (, - 7 )(y_S) 

primo et tertio realem fieri vidrW.~ Substitutiones reales, quae quatuor illis casibus re- 
spondent, Talmla I. indicabit. Deinde Tabula II. formulas amplectamur, quae expres- 

S,OI,i 7 '±(y-^ r^r== ,,,r Sul ' Sl “ Ul ‘ 0, ' em renJ,m “ «mpliciomn transformanda, 
serviunt, pro limitibus, inter quos valor argumenti y continetur: 

1) — 90 rl T . *) vet-O. S* fl «< a . .4 ) * »1 + «j. 

Quas formulas dividendo per i ac tum ponendo — oo factb-e Tabula I. derivare licet. 
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TABULA I. 


A. 


dj 

/ (y _«)(>■_ /3) (y-»)(y-*) f 1-*’ f L‘-N*«’ 


V («- 7 ) 03-^^+ • . 

" * 


V («— y)(A— ^) — V* («— A)(y — 


I. Limites: «..+^00.. 4: 

II. Liuiites: y $'■ 


L — N» 9-») ,/~ J — y 

L+N« — V («— r)(7 — ^ V J — A 

L — Nt _ 4 /(0-S)(7-Sj «/«-J 

L+N. V («-A)(«—ri V y- J 


B d r dl - 

/" — (y— «)(y— A)(y—Y)(y — 1—** /" L*— X*«* 

V~(« — t) (p— iij -t- — i) (A— v) 

i g 

V (« — t)(A — i) — (« — J)(A— ») 

N— g 

. .. . a t-w» _/'r r r 

I. Limites: »••••«• L+Nl — y ‘y y _ T 

...... . t-N» _ */(■— »)(«-*) _ f A— y 

II. Limites: 4....y: -[p7-y V *.-r 
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9 . 

Ia (ormulis hisce pro limitibus assignatis simul x a — 1 usque ail -t- 1 atque y ab 
altero limite ad alterum transit. Limitibus autem , qui formulis I et II respondent , inter 

se commutatis, expressioni videmus valorei® imaginarium creari formae + iR, po- 

sito i — ^ — 1, ac designante R quantitatem aliquam realem ; ipsi x autem conciliari for- 
te 1 * e 1 * , L_N. l-. 1 * 

unde ; 


mam 


y® 

S ' 


1® 


v-k 


l. + X. 


» + .*• 


r ■ — e ■ . ® 

= — I tang — . 

i® I® * * 


+ <' 


. 


Formam, ad quam hac occasione delati sumus, x = ■ ^ in expressione ^ 


substituamus. Prodit: 

ds 


i«'*d® 


d® 


/ {I -.*)(! -k’«*) 






d$ 


f 1 — 2k cos k k V fi — k)*COT^ a ^-fi ■ f f k) t iw^ 1 --t 

Quae nobis quidem substitutio satis memorabilis esse videtor. E qua etiam generalior for- 
mula fluit sequens, ponendo x=sin>£ : 


v - t 

k ° *in 4* * n d tJ/ (co*2 11 $ -f- i »in2 nl£j d 0 


f 1 — k’ sin 4> 7 V i — 8 k cos 2 $ «■+- k k ” F 

unde pro limitibus o et tt obtinetur, evanescente pnrle imaginaria: 

fr t ~ — rr 

k n sin 4» * n d 4^ f cos SnC)<)0 / Cos n 0 d 0 

^ 1 — k’ «in 4^* ,/ /* 1 — 2 k cos *®+tk ./ cos 0 + kk 

o o • 

quae est demonstratio succincta formulae memorabilis a Cl. Lege mire proditae. K Ta- 
bulis 1 et II duas alias derivare licet sequentes, commutatis limitibus, inter quos valor 

ipsius y continetur , ac posito x = — . Pro limitibus assignatis angulus ® inde a 

e usque ad >r crescit, dum y ab allero limite ad alterum transit- 
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T 'A fr u L a: III. 

dy d 

— “) (y (y “y}(v — I) ni m costp 1 -^ n rismi $ 4 * 

'>' = («~t)(A— *)(«— , 3)( r _l) 

+ («— £)(t— ?T 

• * 


Limites y . . 

■ B: •«« V ( — dfr-i) 


* . 1 • 
V 

1 

Limites a . . 

4 . . r .♦ 

/Hr* 


! 

'■*' * * V (d-J)(7-l) 



B. 


Ay- — 


dif 


f — (y — *)(} ' — ffl 6' — 7) (y — I)' V * 

m = !/"(■ — y) fcJ — !j(a — t)CS — -jT 

f (« — ti M -t- \T — 1) 


I. Limites i 

II. Limites /3 


~ 9 .V fa-~^wr-v) ■ rr=Y .. 
V ‘ * V V t— y 


, . u ± V <— tffa— , / y— P 


I I 
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TABULA IV. 

ij i* 

f (y— «>(7 — 0)(j — t) 1 f BMnco»$ , + no * in •’ 

m — Y («— r)(«— 0) 

/* «— t + «—/3 

i 

t> /" y — 

* * y<«— «(«-t) 


I. Limite» ■> . . * fi: 

II. Limites» t-0®: 


dy d» 

y fv — «)(j — 0)(y— ?) /" jnwtOI^+anlinG’ 

masV^Co.— •»•) (0 — Tr) 


1 . Limites — 00 


... /~C«— riW-V) 

i* * * — 

y T—r 


11. Limites fi . . . 
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Fusius hanc quaestionem tractavimus, ut misit exemptum elaboratum. Restant 
adhuc casus, quibus quantitatum «, /0, >, h vel duae vel quatuor imaginariae sunt. Ca- 
sus prior et ipse solutionem realem admittit , quae tamen specie imaginarii laborat. Ca- 
sus posterior eiusmodi solutionem realem omnino non admittit. Oaare ut omnia ml rca- 
ba revocentur, novis transformationibus opus erit, unde concinuitas formularum perit. 
( in igitur quaestioni supersedemus. 

Substitutioni propositae alia respondet , eius inversa, forinae 

T » -t- »'}+»* r . 

h + l> ’y+ l *V ' 

quae et ipsa formulas elegantissinias suppeditat. Cum vero fortasse jam nimis diu huic 
quaestioni immorari videamur, eius investigationem ad aliam occasionem relegamus. Re- 
vertimur a<l quaestiones generales. 


DE TRANSFORMATIONE EXPRESSIONIS 


ALIAM EIUS SIMILP.M 


V I — y’ . ^ I »* y‘ 

dx 


IN 


M v i — x 1 V i — k 2 * 1 ' 


10 . 


\idimus, datam expressionem: 

_ 

/a’+ Uy + C\ ’ + 1) V -t- e*) • 

per substitutionem adhibitam huiusmodi : ' » 

— -F» (| ‘ ) » p _ li 

r- k+fc'i+hV+....+UW«* ~ v ’ 

quacunque sit numerus p, in aliam eius similem irnusfornmri posse: 

iU 

V^A + U.-t-l-^ + Ui.’-)- t.> 

Eiusmodi substitutio cum a datis CotdUcientibus A ,- B', C* I)', E' pendet, tum 
vero maxime a numero p, quippe qui exponentem designat dignitatis summae, quae in 
functionibus rationalibus U, V invenitnr. Qnemobrem in sequentibus dicemus, eios- 

* C 
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modi substitutionem s. transformationem p‘‘ ordini» esae a. od pi um ordinem sive airnpli- 
riua ad numerum p pertinere. 

Ium indolem harum substitutionum accuratius examinaturi, missam faciamus for- 
mam illam complexiorem : 

. . .. __ jy 

/ A + By + C^+lV + E)* ' 

ac quaeramus de simpliciori hac — . ■ ■■ ■ . , ad (tuam' illam revocari posse et vi- 

nf l-y‘" V t— XV 

dimus et notum est , iu aliam eius similem — J * — - trausformamla. 

M / l-«* / I — k’»* 

Quaestionis propositae natura rite perpensa, problemati satisfieri invenitur, siqui- 
dem functionum U, V altera impar, altera par esse statuatur, id quod iam exempla in- 
nuunt ab Aualystis hactenus explorata. Qoa in re maxime distinguendum erit inter ca- 
sum, quo imparis functionis ordo paris ordine minor et eum quo maior est paris Online ; 

sive inter casum quo transformatio ad numerum parem et eum quo ad numerum im- 

. , - - . .1 

parem perlinet. 

lain igitur primum probemus, transformationem succedere adhibita substitutione 
ordinis paris seu formae: 

!+hV+bV+...+k‘“'.** V 

Hic functiones V-t-U, V — U, V-4-XU, V — XU et ipsae erunt ordinis paris, 
unde ponamus: 

1) V+U = (l+»)(l+k»)AA 
*) V — - U = (I — i)(l — ki) BB 
S) v + xu=cc 
*) V — kU=DD; 

designantibus A , B, C, D functiones elemeuti x rationales integras. Quibus aequationi- 
bus simulae satisfactum erit, eruetur, uti proliavimus: 

dy ^ di 

/" i— j’ /-t— >-’r m/ t— t-k* .* 

Mutato x in — x cum U in — U abeat, V autem non mutetur, ex aequationibus l), s) 
reliquae 2), 4) sponte fluunt. Ut aequationibus l), 5) satisfiat, V X U m vicilms. 
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V-t- U (m — l) vicibus duo» iuier se aequales habere debet (actores lineares; insuper ipsi 
V-+- U etiam factor 1 x assignari debet. Quae omnia Aequationes Conditimiales siln 
poseuur numero m - 4 - m — 1 + 1 ^ 2 », qui et ipse est numerus Iudeterminalarum 
a, a', . a( m — l ); b', l>", . . . b( ,n >. Unde problema propositum est determinatum. 


Secundo loco probemus, succedere etiam transformationem , adhibita substitu- 
tione huiusmodi; 




(ra) it 


‘) 


u 

' V 1 


l+bV + b"»«+.... + b' ‘x 

quae ad numerum imparem pertinet. Hic V-+- U , V — l , Y-t-X U , V — XU et ipsae 
sunt imparis ordinis, unde ponamus: ■ 

1} V + Us={l + «)AA- . 

* t) V-U = (l-,)Bli 
8) V+A.U=(l+lt*)CC 
4) V — SU = Ct-k*)DD. 


Hic quoque solummodo aequationibus l), S) satisfaciendum erit, quippe e quibus mu- 
tando x in — x duae reliquae sponte manant. Ut illis satisfiat, et V-f-U, et V-t-XU sin- 
gulae m vicibus duos inter se aequales habeant factores lineares necesse est, quem in finem 
2 m Aequationibus Condi tionalibus satisfaciendum jerit , quibus una accedit, ut iusuper 
V- 4 -U nanciscatur (1 - 4 -x) factorem. Hinc uumefum Aequationum Conditionalium esse vi- 
demus 2m-t-l, qui et ipse est numerus Indeterminatarum a, a‘, a*, . . a (m ) ; I/, b", ...I/"); 
unde et hoc casu determinatum est problema. 


11 . 

Designentur per U', V functiones elementi } integrae rationales eiusmodi, ut 
IT 

posito z = -^, eruatur: 

tlt , d y 


/"t — i* / 1 — M'/" 1 — y’ <f l-K'f • 

Sit ea, quae adhibita est, substitutio 7 — ordinis p' u ; ac per aliam substitationem 

C 2 
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y = -^-, (designantibus U , V, ut supra, functiones elemeuU x rationales integra»,) quau ait 
ordinis j>“ , eruatur, ut supra: 

ily di 

Z~t — f Z' l — M/TlV Z~ 1-t’ 

latu substituto vakire y=-H- iu expressione nascatur erit uua illa aubstitu- 

tio z=^i, qua adhibita eruitur : 

d t ii m 

Z i— i* z~ mm/ i — / nv,. 

ordinis (pp') u . lia videmus, e pluribus transformationibus, quae resp. ad numeros p , p', 
p", . . . perlinent, successive adhibitis, unam componi posse, quae ad uumcrum pp”p" . . . 
perlinet. Nec nou vice verso, quod tamen in praesentiarum uoti probabimus, transforma- 
tionem , (juae ad numerum aliquem compositum pp'p". . pertinet, senqier ex aliis suc- 
cessive adhibitis componere licet, quae resp. ad numeros p, p', p". . pertinent. Ouamobrem 

S 

eas tautummodo investigari oportet transformationes, quae ad numerum pertineant primum, 
quippe e quibus cunctas componere licet reliquas, lam igitur in sequentibus missum fa- 
ciamus casum primum, qui ordinem transformationis parem spectat, quippe quem setn- 
per componere licet e transformatione imparis ordinis et transformatione, quae ad uuine- 
rum 2 pertinet, identidem, ubi opnserit, repetita. Casum secundum autem seu transfor- 
mationes imparis ordinis iam propius examinemus. 

12 . 

Videmus eo casu functiones duas, alteram V parem 2m l> ordinis, alteram U impa- 
rem (2 m -f- t) u ordinis ita determinandas esse, ut sil : 
v + U = (1 + »)AA 

• V + AU=(I + ki)CC. 

. tam dico, ti quidem ita functione s U , V determinentur , ut loco x posito — abeat 

U . t V , 

y =-y- : aequationes illas alteram ex altera sponte sequi. 
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Ponamus V=<J>(x’), U=xF(x'); videmus expressiouem y= loco x po- 

sito — ultire iu 

-r' * • • 

'■ e (rT') 

ubi x Sm sunt functione* integrae. Quod ut aequale fiat expressioni 

-1. = ^-!=. — — . sequentes obtinere debent aequationes : 

Xy XU X i F (**) ’ 1 

?»(,*) = p« ,m F ^^7) 

XF(«*) = pk. Im <p( t ^). 

designante p quantitatem Constantem. Ubi in his aequationibus rursus ponimus 
loco x nanciscimur: ^ 

♦(w)-?^?=-’ w ‘ ' ... • , 

Ouibus cum prioribus comparatis aequationibus, obtinemus = unde 


„ = •/ Xk ,ra - 


Hinc fit : 


j m J , im— 1 / 1 \ 

»H=* * * k F (p7/ 

f .Sm + I 

(juarum aequationum altera ex altera sequitur. 


lnm quoties expressio: 

y-t-U ?>(»■) + . F(.‘) 
t+» ! + * 

\ 

quadratum est functionis elementi x integrae rationalis, idem etiam valebit de alia, quae 
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ex illa derivator ponendo loco x ac multiplicando per x* 01 /' xk* n| — 1 . Quo facto ol>- 

linemus , siquidem — — quadratum sit , functionem i 

*T* 

im/^m-i' <?> ('k T 7) + r7 F fk 7 7 r ) 


‘+T 7 


7 ?^ >r( I5 y+/ x? 


+* 1 


■ «i 


te) 


l+k* 

<?>(«*)+x«F(.’) _ v+xu 

— l + k« l + k> • 

et ipsam quadratum- fore. Q. D. E. 


Itaque eo revocatum eat problema, ut expressio : 

"*>/ v +u 

»+* l+« ' 

Quadratum reddatur, designante <f (x 1 ) expressionem huiusmodi: 

?>(.») = v = b+bV+ b".» + pb'"’ * lm • 

Fit autem , posito U = xF (x 1 ) = x (a -4- a' x 5 -t- a" x* ... a( m > x* m ) , cum sit 
U=xFCx*)=-/^-x ! ”+* (?>(—): 


r~ b <m) 
=V t- — • 

. JT b ( — . J T b 1 — 1 * 

• V T- r-‘ ' * V x - r _, 

-VT- ‘‘ ■ 

«.^X.bi— * . b-k—v 


Iam ad exempla delabimur. 


Digitized by Google 


23 


PROrONlTUR TRANSFORMATIO TERTII ORDINIS. 

13 . . 

Sit m = 1 , qui «st casus simplicissimus , V= 1 -f- b' x‘ , U = x (a -+- a' x 1 ). 
A=(i eruimus: 

A A = (1 1 + 2 a i -f» «* m* , unde: 

V + U = (l + * AA = l+(i+t«)* + «(l-f«)i J +V*>. 

Hinc fit: 

m 

b # =r«(8 + *), a = l-f-2oc, »' = **. 

Aequationes §. 1 2 in sequentes abeunt : 




unde obtinemus 


. W . */V. 

*+** = — — — — : « = — — . unat = — 

V k* vOT * X 

Ponatur /'k=u, Y\=r, erit.^, 1 + 2,=^!, ,(2 + «)= u ‘ (?t + u, \ 
aequatio : 


t+*« = «(*+.) 
abit iu sequentem: 


v 5 


v-Mu’ _ agy+t 1 ) 
V V* 


1) u* — \*q-SuvCl — uS^sO. 


Fit praeterea : 


. = (!+*«) = 


T + *0‘ 


k = «(t + «0 = u’| — J = 


(v + t u>). 


Hinc obtinemus: 


t) (.+»■.■).»+«•»• 

' y t»+v’u* (»+*■>')«’ ' 


Posito 


Hinc 
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Praeterea obtinemus, quia t-4-y = ^ : 


(»+»)(»+»•«)• 

\ ¥-4-» , U*(v-+-iu 1 )** 

(1— ,)(v_U»,)« 

Tv + v 1 a , {t*f‘ 2 n')i l 

f l —y / *— » v ~ u ‘» 

V i +y V i + « ’ * + u>. 


*) »+r= 

4) I — y = 

») 


6 ) /T- 


■yy = 


y 1 — ■ » » (v* — u* «*) 


* v-f" v,u ’( v + *“')** * 

• . . . k 

Porro loco x poueudo — = , cum y abeat iu — — — y i eruimus sequentium for- 

mularum systema : 

■r, , . , d + ^^tH-»»)’ 

+ ' y= l+»u’(v+*u>)«’ 

8) ,.„ y= <»—»«)<*— 

1 y 1 +yu’d+suy 


f \ — t«y / 1 — u* a 1 — U V * 

^ \ V i + u** l+uv* 

r-. — / i_u-.*( 1 -u*tV) 

10 } V 1 — V y «= t-t-vu’ (T+tu').* - 


14 ! 

Posito V -4- U= (l -t- x) AA, V -4- XU = (l - 4 - k)CC, V — Ux=(t — x)BB, 

V — X U = (l — kx) DD , vidimus fieri : 

i d U d v I 

ABCD = M v u , 

r dz di I 

designante M quantitatem Constantem ; quam ex unius eiusdem dignitatis Coelbcientis coni - 

paratione, in utraque expressione ABCD, V U instituta , eruere licet. Iam 

posito V = b-4-b'x 1 -4-etc., U = ax-+-a’x‘-4- etc. , in singulis expressionibus A, B, C, I), 

fit Constans yTT, unde in producto ex iis conflato bb; in expressione autem V — U 
( onstanteni fieri videmus ab; unde: 
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V +*u' ~ u(£t^*u < ) 

Hinc in exemplo uostro fit, quia b=t, a = = : vt - ; , 


M = 


unde : 


i r 


u(tv+u’) ’ 

(» + ia»)«li 


f (l — y^a — v"T*) (1 — .’)(! — u','7 

Moduli k, X, quos j>er aequationem quarti gradus a se invicem pendere vidimus §. is. l), 
facile per eandem quantitatem a rationaliter exprimuntur. K lormulis enim supra 
aliatis: 


.= —i t+*«= 


“'*+*) “ C* + *) 


sequitur: 


unde : 


AT 

«?*+«) 
l + *« ’ 

■>(*+«) 




l + *« 


= k’ 


u+*«/ 

Fit insuper: M= » UQ de, posito y = sin T, x = sinT, aequatio: 




d* 


v^i— j’ y t — >•')' m/v— »* i r i— k’»’ 


in sequentem abit: 


dT 


dT 


V (l+fo,* — + i/" l + S« — « , (f + «)imT’ 


sive in hanc: 


dT 


dT 


/'(i+t.i-ufnHMw.iJ.r' /* (t+*«)CojT*+(t+«)’<t— «)»bT’ 

‘C » 

ad quam pervenitur substitutione facta : 


Sio T s 


(I +2«) *inT-f- « k iinT J 
l+*(t+«)«ioT' 


D 


I 
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PROPONITUR TRANSFORMATIO QUINTI ORDINIS. 

15. 

I.iiii ad exemplum , (|uod .simplicitate proximum est, trausuamus, in quo 
Eruimus : 
unde : 

A A(l-pa)= l-(-I(l+io<) + ^ , (to^4-^a+Bla)^•»'(^^3+^<a<+^«^3)+^•(S«a^-|3|3) + flaJ , , 

I line nanciscimur: 

b'«=*« + t^ + Ka., b'=|3(*« + 0) 

• = l+t*. l'atU+aa+ta/3, a"s=.3j3* 

Aequationes X §• 12 fiunt: 

-/r4' 

Ex his sequitur : 

a*» b'b f 

77" = “ —• 

sive, cum habeatur b'=(2a-\-0)-*-(0-+-aa) , a' = /3(l -|-2«)-»-(/3-|-a>*>: 

j'*«+a)+cfl+«»)J |a{t+*«)+G3+ai«)| 


is + 3 


unde : 


„ . 03 + ««)’ 

3«+3+-' ;~, ; a=0(l + 2.) + 


/ki+*«) 
W+««)* 




*«+0 
Hinc facile sequitur: 

.0 (1 •+■ * “) (* * - t - fl ) = 0 ® + « «)* . 
quod evolutum ac per a divisum abit in: 

<«' = *0{l + «+0). 

Hanc aequationem his etiam duobus modis repraesentare licet: 

(«« + 0) (f _«)=(«_ J fi) (i « + 0 ) , 


m = 2, 
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unde sequitur: 

/ * — ■ **+Q - 

V«-*/3/ /3(1+*«)' 

His praeparatis, reliqua facile transiguntur. Invenimus euim, posito k = u‘, i — < 
iot*ffl b" b* b* A V* 


*»- a, 


unde etiam: 


«— ili n’ 


4 r Tjr u t 

Est insuper 8~t / a — = “, unde aequationes: 

v* .7*—« \’ *«+fl *_« *’ 

u* ~U — *0/ /J(l+*«) ’ « — */3 = T7 

, 1 

in sequentes abeunt: 

*« v+n‘=o v*(l + *«) 

»*(* — «) = »(»« — Cu>), 

sive : 

2«v(l — ot’)=ll («*—»*) 

■ {*» + »«) = tu’ (1 + u* »), 

unde: 

(u’ + T*) (u* — T*) +4 u V (I + u’ v)(l — l«>)«0. 

Facta evolutione prodit: 

t) u* _ v*+ 5 u’ — »*)+4u»(l — u?V)=0. 

. /'. ,K -t' 

Reliqua ita inveniuntur. Ex aequationibus: 


r • J. • b-rf-t— i 


setjuitur : 


*«v(l— u *’)=«(▼• — u*) 
«(hu + v») = Iu’ {! + »'»), 


u (v* — u») Su^l + u»*) 

*v(l — u*’) o’+v* 


, -1 1 < t 


1 . t V S-r _ - t" 


Hinc fit: 


>•(-&) 


.+ V 


D 2 
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xu* 2u' / v — u 1 \ 

( — rr— r) 

v v \ / 

*— -(-S5-) 

Hiuc tandem deducitur: 


h'=#3 + *« + «*+>3 = 


u(u*-4“»*)(t— -U*) 


»1» / V — u' \ 

b “T^“ + ® (tt^) 

= 1 / »-“* \ 
v \ 1 — uv‘/ 

-mtlSr) 


i • - • 


lam cum sit M= — = v^- — transformatio quinti ordinis continebitur theore- 
mate sequente : 

THEOREMA. 


Posito : 


fit: 


1) u « — v* + 5 u* '*(»»* — \ 9 )-f>4uv(l — u 4 v 4 ) = 0 

V (y _ U*) , -f - U* (u* + V*) (v — u*) \' -f» u t0 (1 — » u V 1 ) »» 
* ! y ~ s' (1 — u v’)+ n *’ (o' + s*) (t — u») «’ + u* »* (» — u') I* 


t( 1— uv»)dy (t — u‘)Js 

/l-r /" 1 — T«y* /Y— « T •/' 1 — u* 
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QltOMODO TRANSFORMATIONE BIS ADHIBITA PERVENITUR 
AD MULTIPLICATIONEM. - 

• * * i -4 l l‘ I y t 9 

16 . _ ■ •;* •• / > " i ii -i- • • , 

• . - t , < ........ 

Inspicientem aeijuationes inter u et v, duobus exemplis propositu inventas: 

«•+»•+*■▼(»— »*v*)=o - r ' ~~rv , . _ : T;r 

ll' — — + u' V 4 )s= 0 . 

0 4 - • -I |**l » 1.1 » 1 

fc *~ non potest, immutatas eas manere, ubi v loco u, loco u autem — v ponitur. Hinc 
e theoremate exemplo primo invento, videlicet posito : 


i i 


: U ’ v -> — I * 


▼ (r + taMi + u*!* * 


hl ni -itvu» rnci <~in 'iliimf»!-:»* *t| i e f »,<. *<■- 

fieri: n / / '• rf.mWH'!? .H U TS6 1 ,1 'mi- ! i- » • 



V 1 — *» / 1 — u* »’ 


* •«u»«M'L-u 


/t-r 1 v i — »* j* 
alteram statim derivatur hoc, posito: 


V+*“’ . r d* 

" - ^ 4 <* ■ ' i j. ' ' ■ "T ■ '! i 1 *:■ IHtl Wlp ,111 


•tirr» tOlllM»/ -. 1-fi.M "I i .( ) r. Illi, 


fieri : 


’ f 


ds 


u(u — J»*)y-p* , y’ 

««-t*u*Y*(u — I**),* fi’/.,' • : t • 


U — It 


Al. 


. ^ 1 — ** A 1 — u* ■* " yf ' 1 — y* /* I — v* jr* r 

• (yiflr Lf i mir nupiu >unni» «'‘fi ' 




lam vero eat hiv»! ni niO . nmhoo i-ti’i i mtnsvln, r : .1 • 




*(««_,•) + U T (t - uV) 


II 


= — ». 


o* -fli . 


unde sequitur: 


d t 


D . na:- V *1 

_Sd» \ 


/■ i-.* / »-.«•«• /i-.- 

Ut loco — 8 eruatur 8 , sive z in — z, sive x in — x mutari debet. 

Simili modo e theoremate, exemplo secundo proposito, alterum deducitur, vide- 
licet posito : — :^ rr- 


* ~ „*(i+u»r)+tt’v(» , +0(<*+* , )y’+»’’* <«*+ ’*) r* 
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mu: .Mi i /i'< < ' ' 'IV . u /,.r : i i -•!-'/> ii r i 

d t « + v* dj 


•a+« , '')‘/r=^ /frr^r 


Iam eum sequatur ex aequatione : 

a>-r-t-9gV(i'- »•)+♦«*(!— u»>«)=0 
(u + t‘)(t — u») _ 


U « (1 O* »*) (ll* — > "j 

— 3 , 


u*(t+u>v (1 — u.») u«(I +M>r)(f — IU*) '• V - 1 - ’ ■l- 1 " 

. » “ M» ‘‘ 'i-r-t*' — *» r -f- */ — ‘U 

fieri ridemus: 

* t v. - r ! V ■*’ .i '1 * v 


d Z 


$d x 


/!_«*,•“ /" 1 — «’ /" l — u'*’ i • * »•'■■■ 

lia transformatione bis adhibita pervenitur ad Multiplicationem. 

Haec duo exempla, vi z. transformationes tertii et quinti ordinis, iam prius in lit- 
teris exhibui, quas meuse Iunio a. 1827 ad Cl. Schumacher dedi. V. Nova Astron. I. i. 
Nec non ibidem methodi, qua eruta sunt, generalitatem praedicabam. Alterum biennio 
ante iam a Cl. Legendre inventum erat. 

.f »ii I.* i. . ■ m. ,.>.... 


DF. NOTATIONE NOVA FUNCTIONUM ELLIPTICARUM. 

17. , . _ 

Missis factis quaesi ion ibus algebraicis accuratius inquiramus in nitturnm anali li- 
tam functionum nostrarum. Antea autem notationis modum, cuius in sequentibus usns 
erit , indicemus necesse est. . ' ~ 


Posilo 




d$ 


:u, angulum <p amplitudinem functionis u vocare Geome- 


1 — l’«n q>’ 

trae consueverunt. Hunc igitur angulum in seqWntibus denotabimus 'per: 1 aiilpl. u seu 
brevius per: 


Ita, 


ubi P ** . =u 

/ y 1 — x* y 1 — k**’ 


<J; = ani .u. 

, eril : 


x =sin . nm . u. 
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Insuper posito: 

4 I ;i - I L'l II I i 1' ' / ' ! t > . « i !>,'»/// /I .U I f t 

/ , /T. . J -— 

y v i — »’ t/ i — t 1 * 1 j /i — k s »i r u <j>* 

o o 

< » • 

vocabimus K — u Complementum functionis u; (xmipleuieuti amplitudinem designabimus 
per eoam , ita ut sit-: . i . , . / t ■ , d _ . . 

*m(K. — e; = co«cu . u. i ,j . i,., 

Expressionem f i _ t’iin 1 s»nu= - d , duce CI. Legendre, denotabimus per 

A ani u = yf 1 — k* sin* toiu. 

( omplementum, quod vocatur a Cl. Legeudre, Moduli k designabo per k', ita ut sit: 
kk+k'k'sl. 

1‘orro e notatione nostra erit: 



d$> 

— k' k' sia (f) 


Modulus, qui subiutelligi debet, ubi opus erit, sive uncis inclusus addetur , sivenn mar- 

I 

gine adiicietur. Modulo non addito, in sequentibus eundem ubique Modulum k sub- 
intelligas. 

Ipsas expressioues sin am u , sin eoam n, eos am . u, cos eoam u, A am u, A eoam u, 
eet. ac geueruliter functione* trigonomelriea» amplitudini* , in sequentibus Functionum El- 
lipticarum nomine insignire convenit; ita ut ei nomini aliam quaudam tribuamus notio- 
nem atque hactenus factum est ab Analystis. Ipsam u dicemus Argumentum Functioni * 
Ellipticae , ita ut posito x=sin am u, u=Arg.sin am x. R notatione proposita erit: 


«Id coaxn t» *= 
cos eoam n = 
^ eoam u = 
ig eoam o = 
cotg eoam o = 


cos am u 
A am * 
k' sin am u 
A am u 
k* 

A am u 
1 

k' tg am u 
k* 

cotg am u 
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FORMULAE IN ANALYSI FUNCTIONUM ELLIPTICARUM 

. \ 

FC1VD A Jf EN T A L E 5. ~ ' \ 

, 18 . , , , 

. i . * . .1*1... ••• i. • . ' .1 

1’imanm.' am . u = a , am . v = b , am(a- 4 -v)=v, am.(u — f)=sF, notae sunt 
fonnulae pro additione et subtractione Functionum Ellipticarum fundamentales: 

. . » . . t sinacosb Ab4-sin bcoaaAa « 

« 1 «n <r m -■ n - / a - i H 

I — k 9 »n a a sin b a 

cos a cos b — sin a sin LAa Ab 

c°».»= : r* : — r^—T> 

1 -k «n a sin b 

AaAb — k* sin a «n b cos a coi b • 1 • i’ '*• 

1 — k*sin a 9 »inb* f ^ 

sin a cos h A b — sin b cos a A a 
1 — k* sin a 1 sin b* 
cosacosb-f-sinasin b Aa Ab 
1 — k* sin a* sin b* 

AaAb-f-k* sinasinbcos acosb 
1 — k* sin a 1 sin b* 

Ut in proni tu sint omnia, quorum in posterum usus erit, adnolemus adhuc formu- 
las sequentes, quae facile demonstrantur, et quarum facile augetur numerus: 


A e — 
sin 5 ss 
cos ) = 
A 9 = 


1) sin <r 4- sin 3 = 

g) cos ^ 4- ©os 3 r» 

9) A «t + A 3 = 

4} sin r — sin 3 ss 

5) cos . 3 — cos v — 

6) A 5 — A r = 

7) sin s . sin 3 = 

S) 14'k*sinff , .ain!k = 

9) 1 4" «n • • sin 3 = 


f . sin a Cos b A b 
1 — k^iina 1 sinb J 
2 cos a . cos b 
1 — k 5 sin a 1 sin k* 
gAa.Ab 
1 — k* sina’ sin b 3 
S sin b cos a A a 
1 — k 9 sin a* sin b* 

S sin a sin b AaAb 
1 — k* sina* .sin b^" r 
2 k* sin a . sin k cos a . cos b 
1 — k**ina 3 sin b* 
sin a 9 — sin b* 

1 — k 9 sin a* sin b* 

A b 9 -f" b* *>n a* . cos b* 

1 — k 9 . sin a’ sin b 1 
cos b 9 4* s»n a 9 A b’ 

1 — k 3 sin a 9 sin b 9 
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10 ) 

it) 

12 ) 

19) 

14) 

15) 


16) 

17) 

18) 

19) 

20) 

.*i) 


88) 


«Si 


H) 

S5) 

26) 

27) 


88 ) 


89 


1 «f» co* a . cos 9 


* 

cos ■" + co* b 3 
1 — k* *in a 3 sin b* 


1+ Air. A9 = 

i — k's4Qffsin9s 

1 — sin a siu 9 = ■ 

1 — co« 9 cos . 9 s= 

1 — A <r A 9 = 

(1 i sin <r) (1 ± sio 


A»* + Ab* 

1 — k* sin a* sin b’ 

Aa* + k* sio b* cos a* 

1 — k* sio s' sio b* 

cos a* + sin b* A a* 

1 — k’ sia a* siu b* 

sin a* A b* -+• sin b * A a' 

1 — k* sina’ sin b* 

k* (sin a’ cos b* «4- sin b* cos a*) 
i — k’ sina* sin b* 

(cos b i sin a A b/ 


(1 i sin ff) (i sin 9, * 
(1 ± ksia?Xi ± k sin 9) =5 
(ii;k»inffXl*k«io9j = 
(1 i cos ^) (l ± cos 9) = 
(1 £ cos r) (1 7 cos 9) = 
(1 ± A ir) (1 ± A 9) = 


(cos a i sin b A a) T 
1 — k* sin a* sin b* 

(A b i k sin a o«»a b/ 
1 — k 3 sin a* sin b* 

(A a ± k si n b cos a)* 

1 — k* sio a* sin b* 

(cos a ± cos b)* 

1 — k*»ina 3 sin b* 

(»in a Ab 3F sin b A a}’ 
1 — k* sin a’ sin b 1 

(A a Ab)* 

1 — k 3 sin a 1 sio b 1 


(1 ± ^ 9) (i * A 9) = 


k 3 sin* (a?h) 

1 — k* sin a" sin b* 


sin 9 cos 9 = 


sin a cos a A b -f" sin bcosb A a 
1 — k 3 lias’ sinb 3 


sin 9 cos 9 — 
sin ff A 9 = 
sin 9 A ff = 


sin a cos a A b — «in h co» b A s 
1 — k 3 sin a 3 sin b 3 
cos b sin a A a -4" cos a sio b A b 
1 — k* sin a* sinb* 
cos b «n a A a ■ — co» a sin h A b 
' 1 — k* sina 3 sinb 3 


cos ff A 9 
co» 9 A ff 


cos a cos b Aa Ab — k* k'»ina sinb 
1 — k 3 »in a 3 »iob 3 

co» a cos b A a A b -|* k k sin a sin b 
I — k* sin a* sinb* 



E 
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50) sin (*+$) = 

51) sinfr — S) =s 

52) co« (tr -f- 5) as 

3S) cos (9 — 5) = 


34 


2 «o 

a cos a A b 

i — k’ 

sina* liob' 

2 sin b . cmbtl» 

i— i’ 

sin a 3 sin b 3 

cos a’ — sin a 1 A b* 

i-» 1 

siu a* sin b 3 

cos b* - 

— sin b 3 A a* 

X — k’ 

sin a 1 sin b 1 



DE IMAGINARIIS FUNCTIONUM ELLIPTICARUM VALOR1BUS. 
PRINCIPIUM DUPLICIS PERIODI. 

19 . ' 

Ponamus sin $ = i tg \J / , ubi i loco |/ — i positum est more plerisqtie Geometris 
usitato, erit cos = sec »{. = — ^-r . unde (1 <2> = _i£^L IJi nc fit: 

T p »»|» 1 eo . 4 » 

Atp i d sp i d >p 


tT 1 — k’*in$’ y/~ co> 4'’ + k nn4'' f I — k't'»inp* 

Ouam e notatione nostra in hanc abire ridemus aequationem : 


1) sin aro i u asr i tang am (u, k'). 


Hinc sequitur: 


2) cot ani (i u, k) = ire am (u, k') 

S) tang am (iu, k) = i sin an» fu, k*) 

4) A,m(iu, k) = k ’> 

5) siri coatn (i u , k) = 


Cosamfu, k') sin eoam (u, k) 

1 


Aanifu, k') 

6) cos eoam (i u , k) = i - — cos eoam (u , k') 

7) tg eoam (i u , k) =st - 


k'sinain(u, k') 

S) A eoam (in, k) = k' sin eoam (a, k"). 


Aliud, quod hiuc fluit, formularum systema hoc est: 

9) sin am 2 i K* = 0 

10) sin am i K' = », vel si placet ii 3C • 
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11 ) 

1 *) 

1*} 
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•ia *m (u+t i K') = -f* *»n am u 
coi am (u «f* 2 i K!) = — coi am u 
^am (u + tiK'j = — A am u 

14) mq am (u -f- ■ K') = 

15) coa am (u -f- i K‘) = 

16) | S am (« + i^ = — 

£ am u 

17) A am (u i R') - — | cotg am i 
Aam u 


k fin am u 

— i^aroo 
k sia am u 


18) «in eoam (u-f- »K r ) = 

1 9) coi eoam (u + i K') 


~ik' 


k eo* eoam u 


k coiimu 


k *ic < 


80) tg eoam (u -f- i K') ; 


• Aam u 


81) 4 eoam (u 4 . i K*) = + * k Igimu. 

h formulis praecedentibus, quae et ipsae tamquam fundamentales iu Ana lysi fun- 
ctionum ellipticarum considerari debent , elucet: 

a. functiones ellipticas argumenti imaginarii iv, Moduli k transformari posse 
in alins argumenti rcnlis v, Moduli k^/TUTT; umle generaliter functio- 
nes ellipticas argumenti imaginarii u + ir, Moduli k, componere licet e 
functionibus ellipticis argumenti u, Moduli k et aliis argumenti v, Mo- 
duli k'; 


b. functiones ellipticas duplici gaudere periodo, altera reali, altera imagina- 
ria, siquidem Modulus k est realis. Utraque fit imaginaria, ubi Modulus 
e» ipse est imaginarius. Quod Principium Duplici, Periodi nuncupabimus. 
Equo, cum universam, quae fingi potest , amplectatur Periodici tat em Ana- 
Jyticam , elucet, functiones ellipticas non aliis adnumerari debere transcen- 
dentibus, quae quibusdam gaudent elegantiis, fortasse pl uni his illas aul ma- 
ioribus, sed speciem quandam iis inessc profecti et absoluti. 


E 2 
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THEORIA ANA LYTRA TRANSFORMATIONIS FUNCTIONUM 

ELLIPTICARUM. 

20 . 

Vidimus iu antecedentibus, quoties functiones elementi \ rationales integras A , D, 
C, 1), 1', V ita determinentur, ut sit: 

V + U = !t+.)A/t 

v — C = ( 1 — i) HH 

V + *U = (l + ki)CC 
V— \Um>(t — k»)DD, 

Ui r 

posito y=— lore: 

dy d i 

Z 1-)' Z 1— X’}’ M Z 1— » T A- k‘ .* 

designante M quantitatem Constantem. Inm expressione* illarum lunet niuurii analyticas 
generales proponamus. 


Sit u numerus itnpar quilibet, sint m, m' numeri integri quilibet positivi seu ne- 
gativi, qui tamen factorem communem non habeant, qui et ipse numerum ii metitur: 
ponamus 

m K+n/iK* 
n 

fit: 


U 

V 

A 

« 

C 

U 


M (* sin 1 am4« ) ( sin' ani 8« ) siri* «n 2 (n — » 1) «v ) 

= ^1— k’ rin’ amia.iij — k 5 «n atnS».i.x| . . . ^1 — k’ «incani 2{n — 1) m - s 

( sin eoam 4 bi ) ( "^ sin eoam 8« ) ( sin eoam 2(o— i)« ) 


sin eoam 4 w j ( sin eoam 8« ) ( >ii eoam t (n — 1 ) m } 

5= 1 1 -f- k >in eoam 4 1 » . ^l*f-k sin eoam 8«. %j . . . ^1 + k sin eoam 2 (d — l)«a,i J 

— 1 1 — k «in co»m 4 • . ij — k sin eoam 8 m . .... /i — k sin eoam 2(n— I) w . » j 
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f, = k” J,iBco>in4«.»neoim8*i .... »inco»in*(o — 1)«} 

n ~~*fsin eoam 4 » lin eoam 8w .« « » tniCMmi-o — ^) w | ^ 

^ ^ liia ani 4 ••«in i« 8 «*»••• •»» »n» J (« — !)•) 

Ouil.us positis, ubix=sinamu, fit y ==^=sin am , >■)• 


Antequam ipsam aggrediamur formularum demonstrationem, earum 
nem quandam iudicalnmu». t.lueni m finem sequentes udnotamus formulas 
e formalis §. 18. decurrunt: 


lin 1 am u — »rn* *m « 


nn «n (u + ■) «n am (u — ^ ^ im „ ,; n 

'ama 

(i + iin»n.(u + =0) (1 + «n am(a— «■)) 

/ sin am u 

(t+- ) 

\ sin eoam «/ 

cos" am et , 

1 a— k*«n* am u «in* an» a 

• 

( 1 — «n am (u + «)) (t — »in aro (u — «)) 

/ sin ain u 

\ siu cuam a / 

f — cos J atri « 

| — k* «ili 8 am u sin 9 ama 

(l + kiin.^(n + «)) (l + k».nam(o-«)> _ 

( l -4» k r in am u sio eoam a) 

& 5 ama 

1 k* si»' am u sin* ant a 

(1 — k«nani(u + «)) (l — k linam (u — «)) _ 

(l _ . k .tio am u si» eoam a) 

A* am a 

1 L' sin* am u sin 3 am a 


K quibus. formulis etiam sequitur 


6) 

7) 


coi )tn(u + «) coi am (u — «) 
eoa* am * 

& am (n + «) A »m(u — «■) 
ama 


siti* am u 

1 — 

sin' eoam « _ 

1 — V am u »in’ »m « 

— k’»"' i muiin’ eoam. 

1 V ? «in* am u sin’ an» a 


Posito x = sin am u, nanciscimur e formula t): 

ii 

l— «in* ama —«in »m(u-p«)>inam(u — «) 

1—k’im‘aman •in' am a 

e formulis 2), 8) : 

(»* iincna " m flT" ) (1 ± .in.m(u+«)) ( 1 ± im am 

l-k’.W».n« cn.’am« 


transformatio- 
, (juae statiuv 
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e formulis 4), 5): 


(ljrknincoam»)' _ (l ± k ain am (u+«)) (t ± kdn«m(u — a)) 


1 — k’ 


i nn am « 


A 9 am et 


Hinc ubi loco a «uccessive ponitur («, 8», ... S (n — l) loco —a autem 4 n « — a, 
obtinemus : 

— (i i 11 ) (i 11 1 / t ” \ 

a . _ M\ iin'am4«/l «in*»m8«/ ain*amg; ii — 1). / 

V (t— k’a'un’am4«) (1 — k'a’ain’aiTiK») .... (l_k'»*.m’.o,*(a_l)») 

•iQ>mu.jinim(u + 4»),in.m(D^-8«)..... emam (u+4{n — 1) ■) 

|mxi eoam 4*. ain eoam 8« .... ain eoam 2(n — l)aj' 

a. (l-pa)A A __ aia eoa m 4«i ) f aincoamS» ) f * aiii caain8 (n — 1) » ) I 

(l— k , a’ain , am4«) (1 — k’a’ iin’am 8 «) . , *. (1 — k’ a’ am’ am* (n — l)«) 

(l + einamu) ( 1 + tinam (u+4«)j j\ + ainam(u+8aa)|....^l + l !mm (u-f 4(n— 1).)) 
{eoaam4».coaam8. .... coa am 2 (n — IJa.T' 


10) 


11 ) 


1 *) 


(1 — a)BB = ‘ ^ am eoam 4« )( .in eoam 8» ) (‘ ain coatn * (n — 1)»)} 

v (• — k‘a’ain’an.4..) (1 - kVtm>a«.8«) .... (l_k*,>aj n ’ am*(a- 1)*) 

(t - «inamii j ( 1 -ain .m (n + 4«)j (l -ai«»m (»+B-)j . . .. (t -alo am ( u+4 («-!). j) 
{eoa am 4».co«am8« .... coi am*(n— 1)»J' 

(l+k.)CC _ (l-f-l»){(l-t-k.am<u.am4.)(| + k,^, eo , m8 .).,..^ 1 + |lIlinco>m , (|| _ 0 ^ |. 

(l-k'«’»n’an,4«)(l_k'a>,ii.’.niB-).;..(4-k"a>rin 1 .ma( B _|)») 

_ (u+4.)j(l+k tinam (m+8-)] .. .(l+k ai, .am ( u+ 4 

{i»an4«Oiiii8ai ... Aaini(n_l)aa|’ 

(l-k.)DD _ (t kiain coaan 4 m) (l k a ain eoam 8 aa^ . . . . (l — ka ain eoam 2(n l)m) |* 

' (1-I’* , *™’im4-)(1 — k’^ain’am8. )....(l_k», # 

( l_k ain am n )(l-k ain am (»+4 .) _k ,i n , m ( u+8 ^1— kminanm (u+4 (n- 1>) j 

{n am 4 m Aaa» 8 - . .. A am i{a— I)4j* 
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Hinc edam sequuntur formulae: . i < ' v 

/ ’ nr7lAB •itr cuam 4 a»)( kin 7 eoam 8 iri: 'aio’ eoam i(o-J)«) 


IS) 


14) 


(1 — kV «n 1 wi4»^l — k* a* «in* »in* am t (n — 1) •) 

coi ani u, eoum (u -4*4 «) colam (u-f-8*) eo» ani (u -f-4(n — 1)*) 

i» II ■ ■■ ■ ■■ ■!!■■■ I ■ — , ii, — - — — i » 

Jcoj am 4 « . cosani 8 0 » . ... eo» am 2 (n — 1) wl* 

I [ j s j q | j ( i-k’ »in* eoam 4a)(l-k’ i’ ain* eoam 8 •).... ( 1-k* a* «in* eoam 2 (n-1) ») 

V * (l-k , « a «»n* »m4a»)(l-k , i 9 »in , am8»).«*. (1-k’a’iin* ioi2(a*l)a) 

^amuAam^u*f4«)Aam(u4 , 8M)><> • Aaui (u-4-4(n — 1)«) 

|*^am 4 «Aamtiat •••• Aam2(n — 1)«J 


DE 31 ON STRATIO FORMULARUM AN ALY TIC ARUM PRO 
TRANSF0R3IATI0NE. 


. i 


21 . 


lain demonstremus , posito : 

)( sin CU 3 TT 1 1« ^ I aincoamtiw ) ( aio uwml(i> — !)•)) 


l_y = (1-,). 


^1 — k*a* »in*»xu4tt^ (l — k’ »* «in* am 8 — k* »* »in*am2(u — 1)») 

|l — jiaain uj ^1— «inani (u +4-))(t- filiam (u-t-tJo)j . .. . ^1— aioam (u+4{n — 1) *.)j 
Jcoa am 4« . coaimi8 m .eoa am Ha .... eoa am l(o— l)aj' 


et reliquas erui formulas, et hanc: 


dr 


i *»*.• !•. 


da 


siquidem : 


f \— j" /" l-«y* •f 1 - k*«’ 

X = fc n |aio eoam 4 a* . aio eoam 8 m .... aio eoam 4(o — I) «j 
f sin eoam 4 m . sin coaai 8 m »in eoam 2 (n — I) «] 

M= -i fr-. 

I mo im 4 ■ . ii» tm 8 h ... ira im 2 (n — 1) • J 

E forntula proposita apparet, minime mulari y, quoties u alsit in u+4«. Tum euim 
quivis factor in subsequentem obit, ultimus vero in primum. Unde generaliter y uon mu- 
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intu. , siquidem loco a ponatur u + 4p., designante p numerum integrum positivum s. 

negativum. t'l»i vero u = 0, fit: 

(1— «in«n4»)(l — fin aU»m4(u — 1)-) _ 

^ |coi«n4n.coiim8« cw»mt(n — I)»j 

,ne y — : n ■ Facile enim patet, fore: 

— sin ani 4 (n — t) • = 4“ »in ant 4 « 

— »iuam4(n — J ) m = - 4 - «in am 8« , , 

• ■ # 

uo«!e: *' __ t 

(1 — sinatu4«) (l — *ioam4 (n — 1}*}®«»»’ * u ' 4* 

(l — (l — »iojBi4(o — = 

^1 — »io ar.i 2 (n — l)a») (l — aioain t (n-pl)»} = co*’am t (n l)e ■ 

lam quia y = 0, quoties u = 0 , neque mutatur y , ubi loco u ponitur u -t- 4 p - , generaliter 

evanescit y, quoties u valores induit: 

0. 4«, 8» 4(0— i;«, 4(o— J)«, 

quibus respondent valores quantitatis x = sin am t: 

0, linimldi sinam 8«, ... »inam4(o — S)*»i »ioam4(n— !)•». 

quos ita etiam exhil>ere licet: 

0. ±»ioam4«, ±jmim8« t*»t(«- *>• 

sive etiam hunc in modum: 


0, iaioainS»*» ±*inam4», . ±iin»m(n- i)«. 

Oui valores elementi x, quos evanescente y induero potest, omues inter se diversi erunt, 
enruinque numerus erit =n. Iam ex aequatione inter % et y supposita , e qua profecti su- 
mus , elucet, positis: 

V = ( 1 _ k' «’ un’ am 4 «) (l — k’ i' aio’ am 8 . (l — k’ «’ «m' am * (n — l) «) 

_ ( 1 _ k’ i’ .io’ »m * •) (1 — kV tin’ am4 «) . . . . (l — «’ aio' »m (n— 1)«) , 



cum y evanescat pro valoribus quantitatis x numero n et inter se diversis sequentibus: 


o, i;*inao»*«»s ±*io»fn4*»s . . . ± sin ao» (n— i) m> 
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necessario formam induit: 

• . u = — (i ” — Ui -■*,* ” ) 

M \ »in’ «in 1 ani 4 m/ \ nn'im (a->lj«/ ^ 

ss -L (i — — ) / 1 L! — ) . . . . (i " ) 

M \ sin’ «m 4n/1 »in* *ui8w/ \ iin*aw t(n — 1) •*/ 

: • /, 

designante M Constantem. Caim posito x = 1 , fiat t — j- = 0, y = t*, obtinemus ex 


aequatione y : 


(i — r -J-—)(i — ! A 

j ' »»n a«it«/\ tiniam 4 «t/ ' tin , «m (n — 

M (l — k*tin* «uif (l — k* »ia*ani 4«) . » . . ^1 — k* mu* am (n — l)aj 

n — » . 

• (— 1) 1 |iincoimfa.iiQcmm4« iincnim(n — 1 }m|' 

M j*in ani 2 m. «inam 4 o* . ... »in am (o — 1)*J* 


unde: 

■ »i •» . ' * 

( — 1) 1 («ncoamta.iin coam4« .«■. tin coan» (n— 1) •» 

M = t* Tt 1 — . 

iitn »m 8 m . sin am 4 m . . . tin am (b — l)tu J | * 

Inter functiones U, V memorabilis intercedit correlatio, diam dico supra memo- 
ratam, cuius beneficio fit, ut posito loco x simul y in alieat, designante X Con- 
stantem. 


Posito enim t — loco x abit: 

ki 


u = — A — — — — — —i! — ) 

M \ tin'ani2«/l »in*»m4»/ \ tio’ am(n— 1) «/ 


in hanc expressionem : 


C-b 


n — 1 y 


Mi" k n («in am f « . tinam 4 m . . i .. tinam(n — !)••)* 

Contra vero eadem substitutione facta, 

V 3 (l — t'i t iin'aint»)(f — k , i , i!n’am4^..*.(I — l , «'iia , ini(a — 1}«) 

in hanc expressionem abit : 

2=* U , 

( — 1) . M Itioamf >• . «in am4«t . .. . »o»tn (n — 1)-1 . 

i" 1 . ' 

F 


i . j i 
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Unde loco x posito^, y =s.-y- ahii io: 


u ' M M . k" jsin ani 2« . sio am 4 w ... sinam{o — l)wj 4 


sive y in — , siquidem ponitur: 

^ * ' i '■ 

>. = M M k n |sin axn 2 m. sin ani 4 m ..*• sin atn (n — 1) sj* 

— k :1 1 sin eoam 2 * . ain coosn 4 sj . . . . sincoainjn — 1J»|* 

Id quod demonstrandum erat. 

Kx aequatione proposita : 

^ ^ j {( *incoam4«)( sincoani8w} 0 sin eoam 2 (n — I)as)f * 

5 (l — k’a’ sin’ ani 4«^ (i — k’s’sin*am8«)... . (1 — k’ a’ »in’ im 2 (n — I)») 

posito ~ loco x, loco y, quod ex antecedentibus licet, eruimus: 

— i — - — - j(l ■ — k asiu eoam 4«) (1 — k i sin eoam 8 , . .. (l — ki sin eoam 2(u — » 

quod ductum in X y = > praebet : ‘ 

ifl — k * sin eoam 4 ( 1 — kxsin eoam 8«) ...fl — k s sin eoam 2 (n — I)*)! 1 

l_Ayn=(i_l,)li : : — y - 1 — — 

Ceterum patet , y =-^- abire in — y , ubi x in — x mutatur , quo lacto igitur statim etiam 

1 -4-y , l-4-Xyex 1 — y, 1 — Xy obtinemus. 

Jam igitur ciusmodi invenimus functiones elementi x rationales integras U , V, 


ut sit: 


V + C = V(l + j)=(l + s)AA 

V _ U = V (t — y) = (1 — a) B B 

V + AU= V (1 + Ay)= (I+ka)CC 

V — AU = V(l — Ay)= (t — k s) D D . 


designantibus A, B, C, D et ipsis functiones elemeuti x rationales integras. Hinc autem 
secundum Principia Transformationis initio stabilita statim sequitur? 

d y d i 

t — y’ yf 1 — Vy* M /7— a’ <f 1-kV 
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Multiplicatorem M, quem vocabimus, ex observatione $.15 fucta obtinemus. L ude 
ian» omnes formulae annljrticae generales, quae theoriam trausformatiouis functionum el- 
lipticarum concernunt, demouslratae snnt. 


22 . 

Demonstratio proposita ex ea, quam dedimus in Novis Astronomicis a CJ. Schu- 

' .... K 

macher editis No. 127, eruitur, ubi ponitur <■ loco — aliis omnibus immutatis monenti- 
bus. Ipsum theorema annlyticum generale de Transformatione sub forma paulo alia iam 
prius ibidem No. 128 cum Analystis communicaveram. Demonstrationem CI. Legendre, 
summus in hac doctrina arbiter, ibidem No. ISO benigne et praeclare recensere voluit. 
Observat ibi Vir inultis nominibus venerandus, aequationem : 

„ dU , dV A ItCl) T 
• d» — di “ M ~ M 

cuius beneficio demonstratio conficitur, et quae nobis e principiis transformationis mere 
algebraicis sequebatur, etiam sine illis analytice probari posse. ()uod cum ex ipsa Viri 
Clarissimi sententia egregiam theoremati nostro lucem affundat, praeeunto illo, paucis hunc 
in modum demonstremus. 


Aequationem propositam : 


T 


v JlE. _ u — - AUCD _ 
d x d x M M 

ita quoque exhibere licet: 

dU dV dlo*U dlogV _ ABCD 

"UTT Vdi di d* — MUV “ MliV ' 

Invenimus autem: 

^ M (* •ia*smSw )(* »in**in4*i ) ( *in*»in(n — !)•• ) 

V = — k’ x* liir »m £ w) (I — — k* 1 ’wo’ ini (o — 1)») . 

unde : 

dlogU d log V 1 , — t» , 2k'»Mn’sm Sq» | 

d i t| s i ' “I iin’am 1 q m — ll 1 — k’ •'•in’ *m J' 

F 2 
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i—i 


numero q in summa designata tributis raloribus 1 , 2, 3, . .., — y— • Porro invenimus: 

( nn 1 CM»m 5 o») ( lio* eoam 4 bu) ( iia'cMo(fl — l)w) 

CU s (l — k*i’sin* courSo)^! — k*s’ sin* eoam 4 e#) . . . .(1 — k*a* sin’ eoam (n — IJa). 


unde: 


MUV 


ABC!) 

MUV 


* ^ ( ain 1 eoam2pw) 

^1 — k* ** ain* eoam 2 p o»| 

,*ni 

fi 1 * 1 

i ain 1 aut 2 p os / 

|l — k* a* aio* aru 2 p <uj 


siquidem in productis brevitatis causa praefixo signo n denotatis elemento p valores tri- 
buuntur 1 , 8 , 3 , . . . . , — y * . Hanc expressionem in fractiones simplices discerpere 
licet, ita nt formam induat: 

. i ,<«> n ( S> 

1 A V ■ * n * 

i I sin* am Xq ai — sl 1 — k'a’sin*ajn2qw / ’ 

quo facto ut evictum habeamus, quod propositum est, demonstrari deliet, fore: 

A f ^=s- !, B t<)J — t k’ sin* am 2 q » . 


Deuotabiinus in sequei^libus praefixo signo n w productum ita formatum, ut ele- 
mento p valores tribuantur 1, 2, 3, ..., - y *• , omisso tamen valore p=q . Hinc e 
praeceptis fractionum simplicium theoriae abunde notis sequitur: 


t — - 


lin’ at» 2 q ta 




/ «in 1 eoam t p« \ 

„ . t q \ 1 — k* ain* ani 2 q u . ffu* / 

1 — k 1 sur imzqu. «m eoam z<| tw I ■ . ■ ■ 


ain’ am 2q m 
«in 1 am 2p tu 


/ atn amtp., | 

^ 1 i — k’ ain* «tn tq«. aut* eoam tpa/ 


lam e formulis supra a nobis exhibitis fit : 

sia*am2 q» 


1 


•in 1 eoam 2pu 


1 — It’ aio 1 am t q eu ain* am 2 p « 


1 — 


sin’ am 2 q w 
ain* am tptu 


1 — k ’ ain* am 2 q ta . ain 1 eoam 2 p « 


ens am i'2q P)** • cW arn f*q — 2 p) *> 

coi^ttiSpo 

eoa eoam (2 p -+>f q) w . eoa eoam (2 p — 2 q) <i 

COa 1 coaoi 2 p (a 
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Facile autem patet, sublatis qui io deuomipatorc ot numeratore iidem luveuiuulur lacto- 
ribus, fieri: 

co» am (2 q + 2 p) a» co» an» (2 q — 2 p) w f * 


^ eoa* ain2p*u 

y-y(q) co» eoam (2 g « f- 2 p) 4t> co» eoam (2 p — 2 g) w ^ 
* ^ co»* eoam 2 p ai 


coaamlq» 

^ 1 co»* eoam 2 q ai ^ cos eoam 2 q w 

co» eoam 2 q ai eoa eoam 4 q» co» eoam 4 q ai 


unde 


a"» . 


— ^ — k' »*o s am 2 q w »in 5 eoam tqa) c o» eoam tqa 
co» am S q w co* eoam t q w 

At e uota de duplicatio ne formula fit: 

2 k' sia am 2 q at co» am 2 q ai A am 2 q ai 

eoa eoam 4 q w = — , , v : y 5 — ” 

’ 1 — 2k > tin 3 ain 2 q» + k’sio* amzq tu 

2 k' sio am 2 q o» co» am 2 q w A am 2 q tu 


A* a m 2 q a* — k* sin* am 2 q w co»* am 2 q 01 
2 co» am 2 q ai co» eoam 2 q 01 
1 — • k*»in*aoi2q <a*in* eoam *<t“ 

unde tandem, quod demonstrandum erat, A w =— 8 . Prorsus simili modo alteram aequa- 
tionem: B w = 2 k’ sin' am 2 q »* probare licet; quod tameu, iam invento A (,, = — 2, fa- 
cilius ita fit. 

Facile patet , loco x posito jj- non mutari expressionem: 


n 


J 

»in* eoam 2 p«) ( 

1 — k* «* *in’ coant 2 p«*j 


k* ** »in* am 2 p ai j 

sia* am 2 p ai ) 


quam vidimus aequalem poni posse expressioni : ^ 

l + -* ii» 1 am 2 q w — k 1 + ^ 1 — k’»in’»B.*q»»» 

Haec autem expressio, posito ~ loa> x, abit iu baup: 


^ ^ ^ ! k' »'iin’am Sq w L ^ — » - *' 

1 + 2 k , »iD , t»nSq<i/ ^ l— k’a* »iB , »iii2q«> + k’ «in’ »m * q « ' »in* »ni * q » — *’ 

t 

unde ut immutata illa maneat , quod debet , fieri oportet : 

B W = 2k’ »ia* amSq ». 

Q. D. E. 


+ ^ l-k’»»,ii»*»B.tq» + ^ 

l 

2k*i*WD*am 2q m 


— B 




k* (»ip* am 2q ai — 


(q) 
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23 . - 

E formula 14) §. 20 sequitur: 

- - C|) /v (l-kViin 1 CMmt*Yl-k , i , iin , «iMnt«).,(,fl.k , i l iin l M>m(B"l}iB) 

J sy 1-k* i 1 — sy 1-k* i 1 ■ ■ ■ ■ ■■ ■ i — , 

^ ( 1-k* ** sin’ ani 2 ** sin* ani 4 w) , . .. 

Tosito x = 1 , unde etiam y = 1 , ac i C i — XX=X', fit : 

^ __ ^ | A eoam 2 u A eoam 4 a» ... A coam(n— l)ap j 9 
{ — 1 ) m J 

m 

Iara vero est: 


A eoam u = 


A *m u 


unde : 


1) x' 


|Aatnf u. Aam4fif .... Aam(n— 1) «j* 

Porro in usum vocati* formulis: 

ji X = L n |.in coaniS ».*incoam4w . ... lincoam (n — l)a»j 


i) Ms(-1> 


nanciscimur: 


n—l | jin enim Sfti . >in eoam 4 ar .... «in eoam (o — 1) «J J 
|smam2u.>in«n<4u .... sin.m{n — 1 »’) 


5) 

6 ) 



| sinam 2*>. sinam 4 «u sinam(o — l)a#J 

V k" 

>.k'" 

| cos am 2 w cos ani 4 o» . . i . cos am (n — 1) eu ! 

n- “ 

\ f 

• ■* ' » 

f k'° _ 

v 

| A am 2 eu A am 4 w am(n-l) wj 

V 5 - 

jtg am 2 a» Ig am 4 a> ... Ig am (o — I) 

f *■ 

| sin eoam 2 u . sin eoam 4 as ... sin eoam (n— I) 

k n 


ii 


- — ^ \/ — — = leo, eoam t u coi eoam 4 fle .... eo* eoam (n — 1} »* 

M V kk’k” t I 
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10) ^ V k' n ~ 2 — eoam J «i A eoam 4 h . . . A eoam (o — 1) o<J 

»— 1 / J * / i' 

11) ( — 1)~ M y" = jtg eoam * «> tg eoam 4 u . . . tg eoam (n— 1) a>| . 

Harum formularum ope formulae l), 4), 5) in sequente* abeunt: 

ii) .inani^-^-, xj = — .in am u tinam (u-)-4 w)ainam (u-p8a»).. . tinam (u + 4 (n— I)'**) 

U) eoaani^-^, xj = coiamu co«a‘m (u + 4o>) coiam (u+8«a) .... co»am (u+4(n—l) ai) 

14) O »! 1^., x) = »/ — — aiauAim (u-t-4a>) 4im(« + 8») , . .. A im (u + 4 (n— l)<u) . 

• 1 “ r l \ V k’“ ' , 

unde etiam : 

15) ** » m x) = ^ JL-lg am u tg am (« + 4.») * am (u + 8n,) .... tg am (« + 4<„_ 1) «.) . 

.►*/'' . 4. • . ’ . 

Aliud ita invenitur formularum systema. Ex aequatione 4) sequitur: 

x 


>r 


r 

“ . = <sin am 2 a» sin ani 4 o» • . •*-. sin am (n — 1) *», * 

k n ‘ ' 


unde: 


[ u ^ x ^ f sin* am tpu k M * * — **n* am 2p* 

,_ k! ;. lio . JinZpM = ~r~’l 1 i' 


k* *i» a am2po* 


sive: 


in.*an.ip«)— > X )n(**- Vrio-LipJ’ 

Radices huius aequationis n u ortliuis sunt: 

ixiinamtt, sin am sin am (u-f-8ss) sin am (n+4 (n — 1) «) * 

nude aequationem nanciscimur idcnticam: 

- , ... * n (»’ — ,in ' aro * p •) - ,m ("ST ' X )n(*’- k>.io’lm*^) = 

_ »o a» u j — .in am (m + 4 a.) j (. — .in *.n (u+8 »)| • • • (a— ain am (u + 4 (n - 1) a.)) . 
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Hinc prodit summa radicum 

16 ) 2 am (“-Mq«0 = — *| - dn *•' ■ 

Kodem modo invenitur: 

■(*• ‘) 
'(*•*) 


(— i) * x 

17) 5. «“ (“+4q«<) — fjj eo»»m| 


(-«) 


M 


i*) 2 & » n > 0* +* q «) = ■ 

19) 2 '8 *”> <»+«q*0 = •* *“ f-q"' X )’ 


in quibus formulis numero q tribuuntur valores 0, 1, 2, S, . .. a — t. Quas formulas 
jjtiam hunc in inodum repraesentare convenit: 

X - ,io am I— , X) = lin im o + T !«in am (u + 4qa>) -f- «in am (a — *qo)! 

k M \ M / l I 

n— 1 

f ~ — coaam^-i-, X j = co» am u + 2 j' 0 ’ am (u+*q«)+«aam (u— 4qa»)j 

• ‘ • . » 

A am , X^ = ii am « + 2 «" (■+* q •) + & «» (“■“♦q *>)| 


n — t 

(-D J 


'® ,m ("ST ’ X ) = ** *" 0 + 2 {‘6 * m <“+* q a.) -t- am (• — «q **)j , 

ulii numero q tribuuntur valores 1 , 2 , S , ... — ~ — . lam adnotentur formulae : 

’ * 

2 coi im 4 q «i ^ im 4 i) m lin am u 

«in am (u +4 q a.) + ain am (u - 4, •) = i_ k < , jn . , m 4 q m ,in> am n 


• 2 coi am 4 q w coi am u 

cm am(n+4qa.)+co.am(u-4q„> = «_ fc , , in « .mVqmiin’ ain‘V, 


Aam (u + 4q u)+Aim (n — 4q«) = 


2 A am 4 q ta A am u 


1 — k 1 am* am 4 q a sin* am u 


2 A am 4 q » sin am u cos am u 

t* am (u 4- 4 q -4- tg am (u — 4 q «) = * — — “ rr *) • 

v ^ / i \ i eoi > Rm 4 q M — A ntn 4 q w nn am u 


*) r( §. 18 formulai 1), 2}. 5 ; formula postrema e formulis 10), 30) fluit, ubi rrputai, eaae tg s- -f- tg d 

«in (<r + <1; , • 

«= i t i ■ • - i I 

coa v co* a 
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quarum ope formulae 16) — 19) in has aheuut: 


W) 

X 


! n 

xj = sirt 



2 cos am 4 q w A am 4 q » sjn am u 

kM 


, M ’ 


t — k* sin’ am 4 q w sin’ ani u 

St) 

n— t 

(-i r 7 "* 



xl — coi 


■ + 2 

8 coi am 4 q m coa am it 

k M 


1 M ’ 



1 — k 1 sin’ am 4 q « sin’ acu u 

«1 

n — 1 

(-1 H" 


(— 




8 A am 4 q w A am u 

M 





1 — k* sin’ a io 4 t| n sin’ ani u 

*3) 

X' 


fJL 

xL, 


u+Z 

t A am 4 q o* sin am u coa am u 

k'M 

lg am 

1 M 

A l — H5 


1 — k’ sin’ atn 4 q m sin’ am u 


quae etiam ohliuentur, ubi formulae supra propositae e methodis notis in fractioues 
simplices resolvuntur. 


DE VARIIS EIUSDEM ORDINIS TRANSFORMATIONIBUS. 
TRANSFORMATIONES DUAE REALES, MAIORIS MODULI IN MINOREM 
' ET MINORIS IN MAIOREM. 


24 . 

Elemento w vidimus tribui posse s'n!orem quemlibet schematis "!. K ”* 1 K , ,| e _ 

signantibus m , ni' numeros integros positivos s. negativos, qui tamen, quoties u est nu- 
merus compositus, nullum ipsius n factorem communem habent. Facile ault-m jiatet , ubi 

q sit primus ad n, valores u n - V . K ~^ <1 n ‘ 1 K substitutiones diversas non exhibituros 

esse. Hinc ubi ipse n est numerus primus, valores elementi w, qui transformationes di- 
versas suppeditant , erunt omnes: 

K iK' K + iK' K + * i K - K-f-JiK' K + (■— t) i K' 

n ’ n ii n n " n 


sive etiam : 

K i.K' K + iK' tiC + iK' 

"“'i ' » » r 1 

n n n n 

aut, si placet: 

K i K K t iK' K ± t i K* 

d n n n 


S K f i K' 
n 


(w — l)K + »lf 
n 


K ± 3 i K' 
» 


K ± -2_ii R 

t 

D 

G 



r 


t 


*•# * 
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sive etiam: ' 

K ± i Is- 
ti i K K ± i K' * K ± i K' 9 K ± i K « . . 

u * ii * l» * « n n 

quorunt est numerus n -4- 1. Au reapse vidimus, in transformationibus tertii et quinti or- 
dinis, supra tamquam exemplis pro|>osirts, acquatioues inter u = et v = y'/., qua* 
Aequationes Modulares nuncupabimus, resp. ail quartum et sextum gradum ascendisse. 
Ouolies vero n est numerus compositus, iste valde augetur numerus; accedunt enim ca- 
sus, quiltus sive m, sive m' sive etiam ulcrque lactorem habet cum n coinuiunent, modo 
ne utrisque m, m‘ idem communis sit cum u. Generaliter autem valet theorema: 

„ numerum substitutionem n‘‘ ordinis inter se diversarum, quarum ope transfor- 
,,mare liceat functiones ellipticas, aequare summam factorum ipsius n, qui ta- 
,, men numerus, quoties n per quadratum dividitur , et substisutiones amplectitur 
,,ex transformatione et multiplicatione mixtas; adeoque quoties n ipsum est qua- 
„ dratum ipsam multiplicationem. " 

Ista igitur factorum summa designabit gradum , ad qurm pro dato numero n Aequatio Mo- 
dularis ascendet, ubi adnolanduin est, quoties n sit numerus quadratus, unam e radicum 
numero praebituram esse k = X, ac generaliter, quoties u=W v, designante m’ qua- 
dratum minimum , per quod numerum n dividere licet, e numero radicum fore etiam omnes 
radices Aequationis Modularis, (piae ad ipsum v pertinet. 

Inter valores elementi w supra propositos, qui casu, quo n est primus, quem, cum 
in eum reliqui redeant, sive unice sive prae ceteris considerare convenit, universam trans- 
formatiouum copiam suggerant, duo tantum generaliter loquendo *) inveniuntur, qui trans- 
formationes reales suppeditant, hos dico — . Illam in sequentibus voca- 
bimus transformat ionem primam, hanc secundam; modulosque qui his respondent, designa- 
bimus resp- per X, X, eorumque Cqmplcmenta per X', X/. Argumenta amplitudinis , 

quae his modulis respondent , (functiones integras vocat CL Lcgeodre,) designabimus per 
A, a,, A', A'. Formulae nostrae generales pro his casibus evadunt sequentes. 

*) Nam infinitis casibus pro Modulis specialibus fit, ul par i aulicum imaginariarum Aequationum Mndularram 
sibi aequale evadat id coque reale fit. 

I 
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FORMULAE PRO TRANSFORMATIONE REALI PRIMA MODULI l IN MODULUM A. 


. n *K 4 K 

= V sin eoam sin eoam * 

n n 


(n — 1) K 


-1)^ 1 « 
n 


. t K A 4 k 

_i *m A ani 

i n n 


(n — Ij K 


ir~~( ' 


(n — I) K 


(« — 1 ; K 


( !K . 4K (n — l)K i’ 

l sin eoam «n eoam - — ■ uu eoam . J 

V = < !i- - .( 

j S K 4 k . (n — 1 ; k / 

I sin am — — sin am - ■ — .... . sin ani — I 

\ n n u 1 

sinauiu / •in I amu i / sin' amu \ v sin’ amu i 

I ^ _ ~ (* — l)K | 

1 sin am II suram — I 1 sin* am I 

^ (l- k 7 sin 7 ani — ■ lin^muj ^1 — k’ sin* am — - sin 7 aiti — k* sin 7 ain — sin*am u j 

, / , 4K \ • / . 8 Kv / 4 (n — 1 ) K | 

= ( — 1) y -j— sinam usm am I u + — - J sm ani | u + " — I . ... amanilu-j- I # 

I . sin' ama \- / sin* amu \ /„ sin’ amu V 

Cos am u I 1 \ / I | . , . . 1 1 1 

: I 2k)l . f 4 K I I . _ (n-l)k I 

f . I sin' eoum — II siu eoam 1 1 sin* eoam I 

/ u ^ * / >■ k \ u f \ n f \ n/ 

^l-k'»in*am — -MDam uj|l-k t iis , sni — ->i.i*am uj....^l-k 7 *m 9 am — — ^-^sin 7 aniuj 

/ ■«— > . A anu[uk f iio 7 c»»ui — - ain' ain u }/ l-V sin' eoam — - sin 7 am u j .. / 1 -k' sin* eoam tin 7 atn u j 

/ U % 4 _ / X ' n /I n / \ n / 

^"lM’7 V k**’ /. tI . , . , I/, ~ 4 * . , i */ f ", (n-i)lT"7 1 

I I - k‘ suram — sin 1 am u ij 1 - k sin am — — sin am u I.,.. ^1 - k sni ani sm* am u I 

•*' J sin amu v / sin a m y \ / sinam u v 

\/ , / “ i / ( 8K| I 3 f(n — 1 )K I 

IX sinam! — , XI / 1 sin eoam II uu eoam, 1 1 siucoant — f 

\ M / / 1 — sin am u \ n / \ n / ' n / 

/ u i % ! 14 - sin amu / sin amu V/ sin amu . j sin amu v 

1 sT ,K ) \ ( 1 + __ ^ iK-- , + ’ ?( n-l)k j 

1 sin eoam— —n* sui eoam — J y sin eoam -4 : — I 


1 i sin aui j 


/ 1 Tl«n am 

i±A.iuan,(-£_. aJ 

f 4K . . 8K . \ . 2(n — 1)K . \ 

{ l— k sin eoam sinam u U l — k sui eoam — sio ani u I ... 1 1 — 4 sin eoam ■ sutam u ) 

1 — k sin am u “ n Z 7 n / ’ - n * / 


i+k siu ani u 


(■+ k ■in eoam — .in ani u || l*p-l* ain eoam - — • tin am u J . ..| ain eoam 


*'n— l)k . 
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. , *<,K *qK . 

(—■1 jocosam — A im — . fin am u 


~ ^ mo «ut , A j s= sin am u 4» 2 ^ 

'rir cot * m (^r* x ) = c °* ,m »+t 2 
-rr*‘ m (ir *)-<*-• + »2 

1 — k' sin am iiq' aut u 


a.v 

t — k’ «io* am «in* am u 


, li« ** K 

( — 1 )^ co» am — i — eo* am u 

a« 

, iqK 

1 — k >id am ■■ am am u 


A 8 * K A 

£i am A am u 


a *<I K t 
Q am «n am u cos atn u 


w '* * ,n (ir ■ x ) = '«*■" u + * 2 — - — t - K n ■ t ,, K — — 


cos' am — = — — A 1 am — : — >in* am u 
o 


. ii. 

A. FORMULAE PRO TRANSFORMATIONE REALI SECUNDA, MODULI k IN 
MODULUM SUB FORMA IMAGINARIA. 


k" {, 


SiK’ 4iK' 

aio eoam ain eoam ■ ■ . 


(n-l)iKV 


-) 


X' = 


f A ii K' 4i K' 

. i* am A aro .... 

I o n 


A (n — I)iK ,• 
a am s 

n \ 


ii K' . 4iK' . (o — l)iK' 

am eoam am eoam . , . am eoam ■■■ ■ ■ ■ 




iiK' . 4i K # . fn — 1) i K' I 

itn am »m am • . . atn am ' 1 


■M 


( sin amu v J mr ani u V / tm im u \ 

t- - » --. w,- 4 i K * | ““ ( 1 " 

ain* am J y *tn am J 1 am* am > ^ 

( sin 9 amu v / tin imu \ / sin* amu v 

r k ® 

= W -j— . »*n am u sin am (u -f*4 i sin am (u 8 i k'} .... sin am (u + 4(n_l)iK'; 
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I 

y / , sin* a mu \ /, ain* amu y 

1 — : — ftk M 1 — r : — rn?V -i ~ t=w\ 

ain* eoam — II ain* eoam F I sin eoam F 

o n / > n f 

1 I M ’ 7 / #»a* am u sinamu y /. *in T amu y 

■ ' (‘-^x 

• *- _ .• ■. 

/ 4iK'i ( . 8iK’\ / . «(■— 

i lu-f 1 eoa ani | u -4“ — • • - J coi ain yu + — “ J 


. eoa aut u cos am I 




V * * 

( »in’amu \ / iio jm u V / sin*amu \ 

1 — : — nrW 1 - - — 5n?V" , r~7: (^wi 

ain* eoam J y sm eoam J ^ «n eoam - J 



( sin* am u \ / „ ain* am u » / sia am u \ 

, - - 7 — nr \ h - — -inr\ • i 1 - .. — 

»# ana — — - I y ain’ am — - J 1 am ani f 

K . • ' * * 

s= "^n"^ am u A «n (u+4iK # ) A am (u-f-8iK # ) .... A am — 1)»K) 

_ \ 

/ t-.i-.o. (-^.\) = • : 

|+“ D ,m 

/, ain am u \ /, ain am u y / t >lfl ain u \ 

” I 1 * i K r 1 1 1 . 4i K* |* * * | ~ . _ (n — l)iK # } 

y sin eoam * Jy «n eoam - J y am eoam J 


1 ftiaimu 


»+k sinam 


( sin am n \ , ain am u y / t ain am n y 

I + “ *!K’ l( 1 . 4iK‘ r'“| + ‘ (n — !)iK’ J 

ua eoam II sui eoam J y ain eoam ————— j 


/ 


i — X ain am 


{•sH 


1 — k sin am u 


I + X «n am 

* 

( sin am u \ /, sin am o \ / «M » \ 

1 Si« V"( <•>—*>■*’ I 

sio eoam — II ain eoam j ^ s,n eoam - J 

. - 


sin eoam - 




VM 


1 aio eoam— — II asn eoam J y ai 

X ) = sin ira u — — T 

VM 7 ± — 1)»K 

. • tjn am ■ ■ ^ iw am u 
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l» — » 

(— «r*" k 

L M ' 


Sz} C—lfl 




(tq-l)iK - . (*q.l)iK' 

«m »m — - ■ ■ ■■ ^ am — i- coj am u 


tt — 1 

(— i; * 


A am 


— t— i)» > 


. , (fq -l)i k . , 

uo am - —iid un u 

n 

_(2,-l)iK\ (*q-I)»K* 


A am u 




(Iq-I)iK’ . , 
am am — ■ . sin am u 


/ i q a 2 ij i Iw » 

( — lr “ au * mo am u cos am u 

n 

. t«iK' ItriK* . 

coi «m —— — ur am — — sm* am u 


IS. F OH MULAE PKO TRANSFORMATIONE REALI SECUNDA SUB FORMA REALI. 


k n 


t* .» v) a 


. A an k^‘ 

'(• / tK ' L-l 

.sin eoam 1 — , k 

( V « J 

| sin eoam — — , k'j 

| ..'..ain «an , kjj 

... /** 

/ 4K ' A 

sin eoam | , k 1 

/(»— lJK* t ,\ | 

| In/ 

\ n /f 

(* K ’ v\ 

' *in am 1— , k 1 

<in an ( , k'j 

•••""( „ 3 >k 'j j 
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/ 


I — sia im 


:( 


1 — sinam u Asm 


t+- ““(x ,A ) 


1 + * 


V 


1 — k »ifl aniu 

i+v sinam 


1 14*«« am u A am | — , k j | 

|l-Hii»amuAain^-— , |t+siii amulam ^ ^ ‘k )| 

J i — X J sin am 




^ / 1 + \ sio aw 

1 1— Aam k'^*mamu| 

| am j- — , k'^ sin am u 

Asmj 

/(n-4)K* A . \ 

1 ^ — , U Istnainuj 

1 l+A am , k’^ sin am 

1 1 l+a am . k' j >in atn u j 

|...^t+aam j 

( ( J - k 'j " ‘) 

. \ ^ 

/ *(q-i)K 

A am I ■ 

V n 

— , k'^ sin am u 


; 2 ^^-,(«(^0*. k'j tin*am n 

2=! (_ 1)? sio am ( i ^' 1 ' K - . k' ) a im l ^ ' 1 -— ■ k') co* liu u 

/u \ f(— 1)~^/ ' \ n ! \ n __/ 

k 2 >;n , im U <J + ro ',. , m pL±J^. k) sin’ am u 


n— * 

(-» ‘ 

kM 


iriLI_a a... x) = a ■».«-*(- lf^S 

M. ' M. 7 

- i 4 r ‘** m ^' v ) = ‘ i>mu+22 



. . /S(q-I) K 

( — 1)* stn am ( 

. • ' n 

: -1 

| A itn u 

sin* am | 

[ t(, - |)K , k'j + co»'am| 

*Ct: 

•E- 1 ') 

| »in’sm it 


(— 1)4 eo> am | , k’j A«m( ^iJL , k*J ain am u coi aui u 


1 — a’ am | * - , k’^ «io’ am u 
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Io formulis pro transformatione prime positam est ( — i) ' M loco M. Formulas 
pro transformatione secumla dupliciter exhibere placuit, et sub forma imaginaria et sub 
forma reali, in quibus praeterea loco k sin ani - *" ■ ; ■—> k sin eoam cet. ubique 

scriptum est T’ ( L«^.k ^ cet ' Id 'i uoi > sicu,i reduc ‘‘° in 

sin >m ■■ ■■■ ■ sin eoam ' 

n n 

formam realem, ope formularum $' !9 facile transactum est. Ubi signum ambiguum 
positum est, alterum -t- eligendum est, ubi — y— est numerus par, alterum — , ubi — -y— 
est numerus impar; dc signo + contrarium ralet. In summis praefixo E designatis, nu- 
mero q valores 1 , 2 , 3 , .... tribuendi sunt. 


K formulis pro transformatione prima propositis patet, quoties u fiat succes- 


sive : 


o. 


fore am 


(*■ ‘)= 


o. 


K tK SK 4 K 




unde obtinemus: 



Contra vero videmus in transformatione secunda, quoties u fiat: 0, K, 2K, SK, . 
sive am u : 0, -y , * , 4y, •• • • , fieri am et ipsam ==0, ir , . 

unde hoc casu : 



Ceterum e formulis pro Modulis X, X', X, X' exhibitis elucet, crescente n, Modu- 
los X, X' rapide ad nihilum convergere, ideoque simul Modulos X', X ( proxime accedere a<l 
unitatem. Itaque transformationem Moduli primam dicere convenit maiori» in minorem , 
secundam minori» in maiorem. 


Digitized by Google 


57 


DP. TRANSFORMATIONIBUS COMPLEMBNTARIIS 
S. QUOMODO E TRANSFORMATIO NE MODULI IN MODULUM ALIA 
DERIVATUR COMPLEMENTI IN COMPLEMENTUM. 

25 . ' . 

Iu forumla supra iuveula: 

lg atn . k j w* ^ “ 7 “ tg am u tg la (11 + 4 «) tg ani (a + #«) .... tg ani (»+4(« — tj») 

ponamus u = i u’, <■= m , ila ut sil a — tu Iv + ui ili i •> = ui K — ui i K . lan» vero 
est (J- 19) 

lg mii (iu\ L j = i »in ani (u' > l’j 
lg »m (i u*, X) = i aio arn (u*. X’) , 


uude formulam allegatam iu sequentem abire videmus: 


/ * \ n — •* r ^ i» 

} j B ?.J=(— 1 ) * W -j-— lio mu u' lioua • »io »m(o ’+4 (n-i) •'). | M(kI k'|. 

Torro iu venimus formulas: - . 

■ kj 

am t « & ani 4 m .... A ia (n — 1 ) ai J* 


M= (_1) 


n — I | «in eoam S « «in eoam 4 «... aio cinm (n — t) « J 1 

■' ' — . j m 

%in am t -•* •«« »«n 4 t . .. »in am (*» — 1) *>j 


quae e formulis : 

1 . & am (i v , k) =, ■ 


•incoamCiu, k) = 

u mlc «tiam «equitur; 

lia eoam (i u , k) 


•iu cuiiii (u , k ) 
1 


£» ain (u. k') 


•io »m (i u i k) lg «n (u » k") ^ am (ii , k*) 

iu sequentes abeunt : • * ^ . 


— tuo eoum (u» k') 
•in no (u, k ) 


K' = U” {.in coain * «' aio eoam 4 u .... atuxoam (■ — 1) «'J* {Mod k'j 

( .in eoam * «' ain coan. Ia'.... «in eoam (n — t) «j 
M = ’ — ' 


»in ani 9 m' *in aoi 4 w ...» «io »«» 


(n — l) «} 


) Mod k } . 

U 
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His formulis comparatis cum illis, quae traustormatioui Moduli k iu Modulum 31 in- 
serviunt : 

■in *m = V' ■ . lin im u sin am (u +«•) ■in am (u-f-8 m) . 1 .* sin am (u + 4 (o — 1) ai) 

tat 1 |mii eoam 2 f» lin eoam 4 a .... lin eoam (n — 1) wj 1 

n ..~~ 1 f #io eoam 4 w 'sin eoam 4 tu . . . . »in eoam (n — 1> «i i* 

M — (_ n * J : i < t 

I iin ani 3 m sin ani 4 u .... ain au (n — 1} u I * 

elucet Theorema, quod maximi momenti censeri debet in Theoria Transformationis: 

„ Quaecunque de Transformatione Moduli k in Modulum X proponi possint 

„ formulae , easdam valere, mutato k in k', X ia X’, at in w'=-^-, M in 
n — i 

M." 

Transformationem autem Complemeuti iu Complementum, dicto modo e transformatione 
proposita derivatam, dicemus Transformationem Complementariam. 

Facile patet, traosformatiouum rcalium Moduli k transformationes reales Moduli k' 
complementarias esse , ita tamen ut primae Moduli k secunda Moduli k', secundae Moduli 
k prima Moduli k' complementaria sit. Ubi enim in theoremate modo proposito ponitor 


m — - K - , «=5 rilv , quod transformationibus Moduli k primae et secundae respondet, 

lit»'=j=:- ^ K , = quod transformationibus Moduli k' respondet resp. 

secundae et primae. Nec non, cum crescente Modulo decrescat Complementum ac vice 
versa , transformatio Moduli in Modulum ubi est maioris in minorem , transformatio Com- 
plementi ili Complementum sen transformatio complementaria minoris in maiorem esse de- 
bet, ac vice versi. Videmus igitur, mutato k in k', abire X io X), X, in X'. Nec non 
Multipbcator M, transformationi primae eiusque complementariae communis*), abibit 


±;k' 


*} Hoc generaliter lanium neglecto tigno valet i vidimus enim» quod in altera Ir. erat M, in complementaria 
n—t ‘ n— I 

«ne { — IT 7- **; al nostri» casibus eo, quod in transforma lione prima loco M positum esi ( — 1) * M 

(v. sapra), signi ambiguitas tollitur, ita ut transformationibus realibus complementariis omnino idem sit Mul- 
tiplicator M, 
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in M t> qui ad transformationem secundam eiuaque complemeutariae pertinet, ac vice rem 
M, in M. Hinc e formulis supra inventis : 



sequuntur hae: 


K 

oM, 


K' 

M"* 


unde proveniunt formulae summi momenti in hac theoria: 

A' K’ A’ _ i K’ 

~A ” k * A, 53 n ' K • 


Hae formulae genuinum transformationis propositae characterem constituunt, unde {satet, 
liono iure singulas nos transformationes ad singulos numeros n retulisse. Adnotabo, quo- 
ties u sit numerus compositus =n'n", e singulis radicibus realibus Aequationum Modula- 
rium, seu e singulis Modulis realibus, in quos datum Modulum k per substitutionem n” 
ordinis transformare liceat, provenire aequationes huiusmodi: 



quae singulis discerptionibus numeri n in duos factores respondent. E quarum igitur nu- 
mero, quoties n est numerus quadratus, erit etiam haec: 



K’ 

K 


unde K 


k. 


quae docet, casu quo n est quadratum, e numero substitutionum esse imam, quae mul- 
tiplicationem suppeditet. 


t . • i 

H 2 
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DE TRANSFORMATIONIBUS SUPTL EMENT AHIIS AD 
MULTIPLICATIONEM. 


26 . 


Revocemus formulas : 

A' R' a; 1 R’ 

A " K ■ A, — 

quibus hunc in nimium scriptis: 

A' _ K' 

K’ A' 

elucet, eodem modo pendere Modulum X a Modulo k atque Modulum k a Modulo X , sive 
eodem modo pendere Modulum k a Modulo X atque Modulum k o Modulo k. Itaque per 
transformationem primani s. maioris in minorem, qua k in X, transformabitur X in k; 
per traoslonnationem secunrlara seu minoris in maiorem, qua k in X,, transformabitur 
X in k. Itaque post Irantformationem primam adhibita secunda seu post secundam adhibita 
prima, Modulus k in se redit, seu transformationes prima et secunda successive adhibitae, 
utro ordine placet , Multiplicationem praebent. 



Vocemus M’ Multiplicatorem , qui eodem modo a X pendet atque M ( a k; M' Mul- 
tiplicatorem qui eodem modo a X pendet atque M a k; ita ut obtineantur aequationes: 

« 

d r 1 * _d. 


l—j' /*1— X'j* 

di 1 

J 1 — t’ 1 — k’ «’ 


m/|- «* 

ir 

M'/ - 1— j* / 1 - k’ i* 


quarum altera transformationi Moduli k in Modulum X |ier transformationem primam, al- 
tera transformationi Moduli X in Modulum k per transformationem secundam respondet. 
Ex his aequationibus provenit : 


d s 


/ (1 — 0(1 — k’»’) MM’/ (l-Od-k^V ’ 


und« x = ain am 


(mV)‘ 
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• * K 

At cx aequatione A, -jj- mutando k in k, quo facto K iu A, X, iu k, A iu K , M, in M' 

Jt 

«I »»t , obtinetur K = -jjp-, qua aequatione comparata eum illa A = — — , provenit 

W = “> u,lde: 

d * ndi 

/"<»- «’)(«->•**) f (1-0(1 -t'*') 

■% K • • • 

Eodem modo ex aequatione A = - - mutando k in X ( , ejuo lacto K iu A„ X iu k, A iu K, 

M, in M* abit, provenit K = qua aequatioue comparata cum hac , provenit 

—y -- = n : unde videmus, duobus illis casibus post binas trausformationes successive ad- 
M • 

hibitas multiplicari Argumentum per numerum n. 


Ubi post transformationem Moduli k in Modulum X Modulus X rursus io Modulum k 
transformatur, ita ut Multiplicatio proveniat, hanc transformationem illius supplementariam 
ad multi pii catiorum seu simpliciter supplementariam nuncupabimus. 

• 

Apponamus cum exempli causa tum in usum sequentium formulas pro transforma- 
tione primae eupplementaria , ». Moduli X iu Modulum k, quae erit ipsius X secuuda , eas 
tamen sub altera tantum lorma imaginaria, cum reductio ad realem in prouitu sit. Ouas 
coufestim obtinemus formulas, ubi in iis, quae supra de transformatione .Moduli k secuuda 

propositae sunt, (v. taL. -11. A. §. 24) loco k pouimusX, k loco X, loco u, M'= nM " 
loco M unde = n u loco -ry— . in his formulis, sed iu his tantum, Modulus A, vale- 
bit, nisi diserte adicctus sit Modulus k; ceterum brevitatis causa positum y = sinam , Xj; 

numero q , ut supra, tribuendi sunt valorea: 1, 2 , 3, .. 


• — 1 
* 
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FORMULAE PRO TRANSFORMATIONE MODULI X IN MODULUM k, 
SEU PRIMAE SUPPLEMENTARIA. 


27. 


.nl. A* A' . 4iA' 

=s X <tm eoam sin eoam .... sin 

( n n 

X' a 


k' = 


(n — i) i A' i* 


-) 


j titv 4iA' 

<u ani A im 

l n n 

JiA’ . 4 i A* 


4 i A' . (n— l)iA'|‘ 

. . . A am 1 


)i A j * 


(n-l)iAM* 


1 sin eoam — — sin eoam . . 

1 ; n ■ 

• . sm eoam ■ — - — ■■ i 

" f 

«M i . 2 i A' . 4iA' 

I i,n am . i n Am 

m (o — 1) i A' i 

V MU Ulli I4U IUI ■ . 

\ n n 

n J 


sin in (nu, k) = 


cos am (n u , k) 


& un (au, k) 


0 M y /i n__\ /, il_\ .... u u. A 

= \ A MO,m — / \ 

' j'-pSzK'-^a) 'f-^=) 

_/• * B . u . / o 41 A*» . /u 8iA\ /u 4(n — l)iA'\ 

-y t«— j r ™-(- 5 r +— j. — - — j 

^ sm* eoam — J y sin eoam j y sin* eoam ' — — J 

/i — A ...A -u 

y am* am— — — ^y sin ani J y na’ am — J 

= V !r£=" “ ir " (1 + *-ir j “* * m f-H- + *-r ) • • * (^- + — 

• ST-vj, ^ ~ , io , co , m - ‘ “ “ 7 e 

(-- 7 ^)( l -T^\-l t -TT J ^) 

^ am am J y am* am — - J y sin* am J 

f k' _ u /u , 4iA\ /u 8 i A\ . /u 4(n — l)iA\ 

v T* w M + — f A,m (ir+-r)- +~r — ) 
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/ L !7rV'-(>-T — 

/ , . , .. /*r I «n eoam /1 tm eoam I 1 sin eoam — - ■ 

/ 1 ~ >lllailw ( n<l » ») / *“ v \ n /\ n f \ n 

V »" v 1+1 'fe+— •••(■+: fcr** 

l «n eoam II sta eoam ^ 1 * 


/ C-— 1 L nrW— - J WV~/'- hm 

/ 1 — k»mam(nu, k) _ / 1— Ay \ n / \ u f \ o 

V ♦ . -fc gnr 

y no eoam ^ 1 sio eoam I I — 


(„ 0 ,k ) = _ii iZ_ v 

^ ; knM k u M ^ 


*y 


(Sq — l)iA’ A (f q — I) i A* 

cos am A am - — - — — - ■ - ■ 


C*q-l)iA' 

nn am — y y 


coi am (ou , k) : 


A ain (n u , k) 


(-t) 1 I-JY , v 

i k a M ^ 


k u M 




, . (* q - 1) i i\* (Sq-l)iA' 

( — 1 f* sin am — A am — 

n n 

“ c*q-l)i A' 
sio’ am - — - — — y y 


, ... ■ (»q-l)iA' (*q-l)iA' 

i - l) x *in am — eo» am — 2 


oM 


, _gq-»)iA' 


17 


Ig am (nu, k) = — y 


V 

k’«M 


i— 71 


(-D q A. 


Jqi.V 




71 


k'nM 


, iqiA' SqiA' . , 

eoa’ am —2 A’ am — »in’ am u 


) 

) 

) 

) 


Theorema nnalyticum generale, transformationem illam primae supplemeutariam 
concernens, iam initio mensis Augusti a. 1827 cum Cl. Legendre communicavi, cuius 
etiam ille in Nota supra citata (Nova Astr. a. 1827, no. 180) mentionem iniicere voluit. 
Simile formularum systema pro transformatione altera secundae supplementaria s. transfor- 
matione Moduli X, in Modulum k stabiliri potuisset. Quae omnia ut dilucidiora fiant, ad- 
iecta tabula formulas fundamentales pro transformationibus prima et secunda earum com- 
plementariis et supplementariis conspectui exponere placuit. 
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Nec uon e numero transformationum imaginariarum una quaeque suam hala t sup- 
plementariam ad Multiplicationem. Supjionamus , quod licet, numeros m, m' §. 20 facto- 
rem communem non habere: sit porro ni/u' — ^ m = 1 , designantibus p, ft' numeros inte- 
gros positivos s. negativos, lam si in formulis nostris generaliijus de transformatione pro- 
positis §. 20 sqq. ponitur u ■ ** ‘ - , ac k et X inter se commutantur, formulas ob- 

tines, quae ad supplemenlariam transformationis pertinent. Posito m=l, in'=o, fit 
*i=0, p’= L, uude K ’ K - = , quod primae supplementariam prae- 

bet , uti vidimus. 


FORMULAE ANALYTICAE GENERALES PRO MULTIPLICATIONE 
FUNCTIONUM ELLIPTICARUM. 

28 . 

G binis Transformationibus Supplcmenlnriis componere licet ipsas pro Mullipli- 
catione formulas, s. formulas, quibus functiones ellipticae Argumenti uu per functiones 
ellipticas Argumenti u exprimuntur. Quod ut exemplo demonstretur, Multiplicatio- 
nem e transformatione prima ei usque supplementnria componamus. Quem in finem re- 
vocetur formula : 


»in »tn | , xj — ( — 1) y/ -j— »in in u tin »m |u -f* — j.inamju-f • »in »u> -f- — — — ^ , 

quam etiam hunc in medum repraesentare licet: 


{ — *> * •'■«"(■jj-. x )=y ~j — n -*" K j. 

designante m numeros 0, +1, +2, ..., +— -- . In hac formula loco n ponamus 

2m r iK* i u • . . M ?m’iK' u 2m'iA 

UH unde — abit in — -4 - = — h — : prodit 

t «s * » ~ • / o Jm i A \ j i-r . / 2niK-f~2rn'iK‘ t 

(_D — , xj=y — n. - ). 
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Iam ulii et ipsi m' tribuantur valores 0, + 1 , + 2 , « . . , + ~~ > * ,a ut u, risque m , m 
isti conveniant valores, facto producto obtinemus: 

, TT ■ / ° . t m i A' \ f k n n rf . / 2m K -p2m'iK' v 

(— I) n* 1 »»" 1 1 -jfj-H . k J = y ~ K a — ■ — — Ii 

ubi in altero producto numero m', iu altero utrique m m' valores 0, +1, + 2, 


i — l 


tribuendi sunt. 


At vidimus §° praecedente, esse: 

f h* . / u \ . / u 4iA'\ . / u 8iA'» /« 4(a-l)iA'i I 1 

.i».m(.u,l) = y — -J jMo-Uj . 

quam ita quoque repraesentare beet formulam : 

, /" l” rr • / “ 2m*iA' t * 

■min(iia, l) = U -jj- U iin in ( — + , Xl, 

unde iam : 

1) »in im n u = (• — 1) 1 ^ k nn—l |~]]iin am 

Eodem modo invenitur: ( 

/ 1 k t"" -1 TT / + i 

in» = y ]icoi»m(u + j 


2) cos am i 


V / i 1 i* rr . / «mK+itHiK' \ 

(-grl ■■■■ I . 

fluae facile etiam in hauc formam rediguntur formulae: 

/ »in* am u j 

\ , .* 8mK-f tn/iK' I 

n , sinam - 


4) >ia »m n u = u sin am u 


| 9 • a *n*K+ 2 m'iK' . . 

f la»k 1 «n'tm sin am u I 


l — - 


5) , cos a«n d o = co« «tn u 


n 


2.i»K4-*mjK' 


2 tn *v+S n/ i K* •, 

1 — k sin’ am ■ ■ — «n i 
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6) A am n u = A am u 


n 


.... 2n.K + 2m iK' 

1 — k* am’ eoam ain* am u 


1 — V mu’ am 


2 in k -f- 2 n/ i K’ . f 


sin «di u 


Quibus addere placet scqjueutes : 


II — I 


T) 

J~J tun 4 am 

2mK+2m'iK' ( — I) J n 

• ' ■ - 





k” 1 ” 




n n— 1 


*) 

J"J coi r atn 

2 mK-f-2m r iK r / k' \ * 


n U/ 

* 

9) 

fi A’ nn - 

tmK + JmiK' 5” t n« 

* 


]n sex formulis postremis numero m valores tautum positivi o , i, 2, S, — 

cnnveuiunl , ita tamen ut quoties m = 0 et ipsi m' valores tantuni positivi 1 , t , s, . 

” g - tribuantur. Et has et alias pro Multiplicatioue formulas iam prius Cl. Alei mutatis 
mutandis proposuit , unde nobis breviores esse licuit. 


DE AEQUATIONUM MODULARIUM AFFECTIBUS. 


29 . 

Quia eodem modo X a k atque lat nec non X' a k', k' a X' pendet; patet, ubi 
secundum eandem legem Modulorum scalns condas, qui in se iusicem transformari |x>s- 
sunt, alteram Modulum k, alteram Complementum eius k' continentem, in iis terminos 
fore eodem ordine se excipientes: 

..... x, k. x,, ... 

.... x'. k*. X' 

Id quod in transformationibus secundi et tertii ordinis iam prius a Cl. Legendre observa- 
tam et facto calculo confirmatum est. Similia cum de omuibus Modulis trausformatis et 
imaginariis valeant, patet, designante X Modulum transformatum quemlibet, aequatio- 
nes algebraicas inter k et X, seu inter u = ^k et v=^x, quas Aequatione* Modulare* 
nuncupavimus, immutatas manere, 
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l) ubi k et X inter se commutentur, 
i) ubi k' loco k, X' loco X ponatur. 

Alterum iam supra ia aequationibus Modularibus , quae ad transformationes tertii et quinti 
ordinis pertineat : 

I) u« — »« ■+• * u » (1 — u’ v*) = 0 

i) u* — %• -f* 5 a* v* (u* — v 1 ) 4 u v (l — u 1 = 0 

observavimus; eiusquu observationis ope expressiones algebraicas pro transforma tiouibus 
supplementariis exliibuimus. Ut alterum quoque bis exemplis probetur, aequationes illas 
in alias transformemus inter kk = u' et XX = v‘, quod non sine calculo prolixo fit. Quo 
subducto obtineatur aequationes: 

1) (k* _ V/ = U8k*X*(t — k’Hl — X*)(t — k*— k*+*k’V) 

*) (k 1 — k 1 ) 4 *= 51* k* V (t — k ) (1 — k*) {L-L'k\+t,"k*_ L“k«j, 

siquidem in secunda ponitur: 

L = J*8 — 19* k’ + 78 K' — 7 X* 

L' is 19* + *S* k* _ «3 k* - 78 k* 

L" = 78 + 4» k* — *5* k* — 19* k* 

L~= 7 — 78 k’ — 19* k« _ 1*8 k* . 

Quae in formam multo commodiorem abeunt aequationes, introductis quantitatibus 
q = t — 2 k' , 1 = 1 — 2 X'. Quo lacto aequationes propositae evadunt : 

I) (<,-!)« = M(t — <iq)(l — U) j3 + '|lj 

*) (q — Ii» *56a-qqKl-ll){l6ql(9— qt)* + 9(4S_,l) 

= *56{t-„)(l-II){405Cqq + ll>q-*86ql_9ql(,q+IJ)_*70,,II + l6q>|'}. 
Quae aequationes, ubi k’ loco k, X loco X [lonitur, unde q in — q, 1 in — I abit, immu- 
tatae tnaneul; id quod demouslraudum erat. 

Corollarium. Quia Aequationes Modulares inter q = 1 — 2 k 1 et 1 = 1 — 2 X* 
propositas formam satis commodam induere vidimus, interesse potest, et ipsas functiones 
K , K' secundum quantitatem q evolvere. Quod non ineleganter fit per series : 


/, . 1* j. 

5.5 . tj 

* 5 . 5 . 9 . 9 . q* 

■ + 

I 1 + 2 . 4 + 

*.4.6, 

8 ’ 2.4.6.8.10.1* 

) 

” / 4 . 

S.S.q' 

S. 8.7.7. q* 

8.9.7.7.11. 11. q’ 

TT (T + 

2.4.6 

T 2.4.6.8.10 ’ 

2. 4. 6. 8. 10.12. 14 


I 2 


Digitized by Google 


68 


(■+ 

i’ + 

i.S.q* , S.S.9.9.q* 

- + .1 

».4 + 

».4.6.8 + ».4.6.8.10.1* 


It 

( 1 . 

8.5.q> . S.S.7.7.q* 

S. 8.7. 7. 11. 11. q’ 

ii 

[ * + 

».4.6 * ».4.6.8,10 * 

».4.6.8.10.1». 14 

. r - 


ubi brevitatis causa positum est 


«v 






30 . 

Faciliori negotio pro transformatione tertii ordinis aequationem: 

u» — v* + S u » (1 — o’ V 1 ) se o 

ita transformare licet, nt correlatio illa inter Modulos et Complementa eluceat. Obtine- 
mus enim ex illa: 

(1 — Q«) (1 + *«) = J — U * v* + S U V {1 _il’ v') =* (I — u* v*) (1 + U T)’ 

(1 + «♦) (t _ T*) = 1 — M* »• — * U V (1 — U* »*) = (! — u’ T*) (t — O »)*. 


quibus in *e ductis aequationibus prodit: ’ - 

(t — »■) (I — »•) = (I — u’ V»J* . 

lam sit : 

1 — ii* = k‘ k' = u'* 

1 — v* = X’X' s »'*, 

extractis radicibus Ut: 

s» 1 —u’.*, 

sive • ' 

o’* 1 u* = /Tx + /TiT = I , 

quam ipsam elcgantissimam formulam iam Cl. LegendrC exhibuit. Neque ineleganter illa 
per formulas nostras analyticas probatur. Quippe e quibus casu u = S fluit : 


X = k 1 »in* eoam 4 at ; X* 


k* 

ani 4 «u 
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uude : 


y kX = k' *in : coaih 4 *o ; 


k* cos’ ani 4 » 
A’ ani 4 «i 


Manilii 

• *, j • • - ' 

unde cum sit : 

k' k' + k k cm’ tm 4 w = 1 — k k *in* 101 4 <u = Cl? ani 4 u , 

obtinemus, quod demonstrandam erat: 

V’kT + ■f k^Y" = t. 

Ut exemplo secundo simpliciorem inter u, », u, v eruam aequationem, ita ago, 
Aequationem propositam: 

U" — T" ■+■ 5 U* t' (U a — T l )*f4BV(l — U*'*J =0 

* l ■ 

exhibeo, ut sequitur: 

(«* — »•) fu» + 6 u’ (’ + t') + 4ui(I — u'.«) = 0, 

quam facile patet induere posse formas duas sequentes: 

fu’ _^(b+,)I=i_ 4» v <1 — u»j (J + »») 

(«• _ V 1 ) (u — »)» = — 4 u T ft + u») (t — *«) , 

quibus in se ducti» aequationibus prodit: 

fu’ T»/ = 16 u’ v* (t — u») (t — v») = t6 u’ »' u" *V . 

Ouia simul, ut supra proflatum est, u* in u'*, v* in v'* abit, obtinemus etiam: 

(V’ — u'y = 16 u’’ *•> fl _ u'») (1 — »•’) = 16 u' 1 «'■ t’ 

Hinc facta divisione et extractis radicibus, eruitor: 

^ = -l ' V - , sive u t fu» — **) — u' y' (.'■ — u 1 ) , 




‘ • v*; 



sive 


V*kx (-yk— yxj = V i'x' <yx'- yto ■ 
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31 . 

- . i 

Alia adhuc aequationum Modularium 

u* — v* + 1 u » (1 — u’ v 1 ) = o 

»* — v* + 5 u’ .• (u* — V*) -M o V (1 — a* «*J — 0 

insignis proprietas vel ipso iutuitu invenitur, viz. immutatas eas manere, siquidem loco 
u, v ponatur -i*, — . Ouod ut generaliter de aequationibus Modularihus demonstretur, 
adnotenlur sequentia , quae ad alias etiam quaestiones usui esse possunt. 


Ubi ponitur y = k x , obtinetur: 

ij kd« 


v MO-f) V 


unde cum .simul x = 0 , y = 0 : 
,1 


Hinc posito 


/■■ i/—. ... ,> f . . 

/ ( 1— T ’)( t— T‘) 'L / (»—■)(»-**•) 


■ " fit: 

-/ V (»-»*) ('«-k*,*) 


Z" 1 * _ . 

/ 7 PCT 

unde x = siu am (u, k), y = siu aui u, -pj. Hinc provenit aequatio: 
sin am (-r) = k iio am (u, k), unde etiam 
co* am ^k u , -j— = & am (u . k) 


H am 


| k u , -|-j = co* am {u , k) 

/, 1 \ k 

lg am | k u , -j- 1 = -j-r co* eoam (u , k) 


y 
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\ 1 

i kU ’ kj 

f *in eoam (u , k) 

( k -r) 

| «• i k’ tg ini (u. k) 

k . 

/ku 1 \ 

ik' 

r ■ ~/ 

k co» a m (u , k) 

( v 1 't 

— i 

(Vu.-j-j 

co» eoam (u * k) 


1 i k' • 

Porro potiendo i u loco u , c^uia (xmjplcmeutum Moduli -jp fit — , obtinemus ailiumcuto 
formularum §* 19: ' : ** ; 




»in ain 

|lu, 

4) 

| — co» eoam (u , k') 



co» aui i 

(ka. 

4) 

i =r »in coani (u, k') 




f ka 

‘f ] 

i 1 


• 


(k., 

k ) 

A am (n, k) 



lg »tn | 

u. 

4) 

| = colg eoam (u , k') 



«in eoam 

(ku. 

4) 

| — cos am (u , k'} 



co* eoam | 

(u. 

4) 

| — sin am (a, k') 




A 

ik ’ 1 

A am (u , k') 




(k.. 

k / 

J k 



lg eoam | 

(“ 

4) 

= cotg am (u, k'j. 


lam investigemus, quaenam evadant K, K' seo org. ani k|, arg. ani k'j, si- 
quidem loco k ponitur -j-;. scu investigemus valorein expressionum arg. atn (— , ~p)> 
arg. aiu^-^-, quae expressiones e notatione a Cl. Legendre adhibita forent F 

F* ("Y - ] • fit autem primum : 

— (f • ' 11 '/TRFI = /7RFl YTmFS 
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Ponito y = k x , fit 


= k K. 


•* ’ . ‘ 

dy r , ponamus y = i/ 1 — k' k' x’ -, 


Ut alterum eruatur integrale 
J ) — 


unde 


. lam quia x inde a 0 usque ari I crescit, ai- 


mul ati|ue y intle a 1 usque k decrescit, obtinemus: 

/-L ir_ — y± -UK-. 

J / J y (‘-T')(F-‘j •/ v (‘—'X 1 - 1 ' 1 ' 1 ’) 

Hinc prodit arg.om(-j-, i- j = k {«rg. am , k) -+- i nrg. am (-j- , k’) j =±= k 'K-mK'], 
sive ubi k in -j- mutatur, abit K in k jK -+- iK'j. 

Posito secundo loco y = cos$, fit: 


r — = k /l! —** — 

J 0 V (‘- y ’X l+ “ k '- v ") ' ° v 

-£-) = k * r *‘ *”(l “• l ’).* 1 K - 


= kh.', unde: 


seu ubi k in -j- mutatur, abit K’ in k K*. 

Generaliter igitur mutato k in -i- abii niK + im K in k jm K -t- (m -t- m ) i K j, 

, i p(mK + m » K 1 | 

unne sio eoam J — — : > K 


mula sin eoam (k u, : 


m sin eoam 
i 


kp (ink + (iit + w/)»K') l . 

, -p) , id (juotl e tor- 


*in eoam (u , k) 


fit: 


kp (mK + (m ) | | 

r- T| 


\ r 


p (m K-f-(m + in)i K‘) 


. k 1 
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. , .. mK + n/iK' mK+fm+n/liK' 

Jam igitur, posito — - — = u> , = * , expressio 

K = k* |iio eoam 2 u «in eoam 4 w lin eoam 6 u . . . . «in eoam fn— 1) w|*i 

mutato k in -i- iu hanc abit : 


^ i _t_ 

k n jsin eoam t « sin eoam 4 *s ( sin eoam 6 «s ( . . . sin coani (n — 1) iwj* M 

ulii ju et ipsa est radix aequationis Modularis, seu e Modulorum numero, in quos per 
transformationem n u ordinis Modulum propositum k transformare licet. Namque e eso- 
ribus, quos m induere potest, ut prodeat Modulus transformatus, erit etiam ille « . Uude 
iam causa patet , cur generaliter Aequationes Modulares mutato k in -J- , X in y- immu- 
tatae manere debeant. 

Aduolabo adhuc, ubi secundum eandem transformationis legem quampiam simul 
transformatur k in k ,n,) , X in X'” 1 , quoties k (m) loco k ponatur, etiam X in X'“’ abire; 
nude aequationes Modulares ubi simul k in k (n>> , X in X 1 " 1 mutatur, immutatae manere de- 

beut. Ita ex. g. aequatio y kX-f-v k'X‘ = l, quae est pro transformatione tertii ordi- 
nis immutata manere debet, ubi loco k , X resp. ponitur ■ | . , i - , 1 ~ k , , unde loco k', X' 

ponetur ’ *'* *l um l l H-r transformationem secundi ordinis fieri notum est. 

Qnippe aequatio i/"k X + » k' X' = 1 in hanc abit: 


J (1-t'Ht-f) , *V~VX' _ , 

v ( 1 -t-k'Ht+t) /Tr+rjcT+rr 

* V'k~ = (l + k';(l + Xi _ f Cl-kO(l-X). 

Qua in se ipsa ducta prodit: 

4V~V7"= * (1 + k‘V) -*tx. .i»* k>. = l + 
quae extractis radicibus in propositam redit: 

y IT = 1 — V k*X' *iie yQkT + » t'*.' = t . 

Quod exemplum iam a Cl. Legeudre proposil uni est. (ieueraliter autem de compositione 
transformationum probari potest, transformationibus dualius aut pluribus sueeessive adhi- 
bitis, ad eandem perveniri , quocunque illae adhilieaulur ordine. 

K 


e 
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32 . 

Al iuter affectui Aequationum Modularium kl maxime memorabile au cingulare mihi 
rideor aiiimadvertere, quod eidem omnet Aequationi Differentiati Tertii Ordini e satitfaria/it. 
Cuius tamen investigatio paullo longius repetenda erit. 

Salis notum est*), posito a K -4- I) K' = (,) , fore: 

k ci-io 4 k v- + 4r * 1 

deygnantibus a, li Constantes qua.slii>et. Ita etiam posito a' K -t-b'K' = f)', designantibus 
a', b' alias Constantes quaslibet , erit 

k H-V) + d-Sk*) = l Q\ 

(.luibus combinatis aequationibus, obtinetur: 

‘ “- k> > {«-»-»■»}+ *-«■> {« 4f - - 


uiule integratione facta: 

k m _ i»t /n 


(* b' — *' k) c. 


<-*> {0 ^ -S-} - (-•- ^(.-k, (k - K- « } ■ 

Constans C n Cl. Legendre c casu speciali inventa est = — unde iam 

Q “- Q -si- = — ktm^ — • “«» 

— — — a'b}dk 

, Q' 

Q _ k(t-k*)QQ 

Similiter designante \ alium Modulum quemlibet, erit posito i A + B — L, 
«' A -+- B A' = L', 

* — — — ir(ac0* — o» # /3) «I X 


L X(i_-**)LL 

Sit X Modulus in quem k per transformationem primam u" ordinis transformatur; xit 
porro O = K , f/ = K', L = A , L' = A' ; erit : 

L* A' n K' n Q' 

L = A K I Q ' • 


*) Cf. I.fgi-udr. Trsilf d'l F. E. Toni. I. Cap. XIII. 
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unde 


q d k 


d\ 


k (t — k*)K.K X(l_X',AA 


Invenimus autem pro ea transformatione A = — — , unde iatn : 

* uM ' 


u k(I— k')dX 


In transformatione secunda vidimus esse / = — — ^ — , A = —5 — , unde: 

A, a k ' ' 


<lk 


n d X 


unde et hic: 


k (l — k’j KK X,(1-X’)A,A, 


‘ ' o k (1 — VjdX, 


Generaliter autem, quicunque sit Modulus X, sive realis sive imagiuarius, iu quem per 
transformationem n" ordinis transformari potest Modulus propositus k , valebit aequatio : 


MM = -1. '*.-*>* 

n X(l — X’)dk 


Ouod ut probetur, aduotabo generaliter obtineri acqnationes formae : 


« A + i fl A' = 
«A‘ + itfA = 


.K + ibK’ 
o M 

M K* •{* i Ii’ K 


dM 


designantibus a, a', a, m numeros impares, b, 1/, j3, 8' numeros («ares, utrosque positivos 
vel negativos eiusmodi, nt sit aa' -+- bb' = t, »«'-4 - 8& = 1 *). Hinc posito: 
a K -f i b K' s Q , »' K' + i b' K = Q’ 

«A -f i 0A' = L. a' A* + i fit A = L', 

obtinemus, quia a a' -t- b b' = 1 , aa'-4- /0/3' = 1 : 

— airdlt .L' — rrdX 


d Q' . 
q tkti-k^gQ ' 


= 

L *X{I-X\|LL 


•) Accuratior numerorum a, a, k, b' cet. ce», determinatio pro siuqutU eiusdem ordini» transformationibus gra- 
vibui laborare difficultatibus videtur. Immo ba«c determl natio, ubi egregia fallinitir. maaiiua a limitibus pen- 
det, inter quo» Modulu» L vetiatur, ila ut pro limitibus diversi» plane adia eradat. Id quod quam intricatam 
reddat quaestionem , expertu» cognoscet. Ante omnia autem accuratio» in naturam Modulorum imaginariorum 
inquirendum eue videtur , quae adhuc lota iacrl quaestio. 

K 2 
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unde cum sit : 


L' 

~L~ 


L = 


• M 


generaliter fit ; 


MM = i. 


k(l — k^dX 


Aduotabo adhuc, aequationem inventam ita quoque exhiberi posse: 

MM = — 1 

n ' k*(l — <1 (X*) n ’ k'(l— k")d(X - ') ’ 


umle videmus, expressionem M M non mutari , ubi loco h , X Complementa ponuntur L', X’, 
sive quod supra demonstravimus, transformationibus complemeutariis, signi ratione non 
habita, eundem esse multiplicatorem M. Porro mutando k in X, X in k , quo facto trans- 
formatio iu supplemeutariam abit, mutatur M M in 

1 k(l-k’)dx i .... t 

— — . . ■ — s • — - . - - , sire M m — ■ , 

n X(1 — X’)dk nnMM P M 

quod et ipsum supra probatum est. 


33 . 

Posito Q = a K -t- b K', L — aA -t- S\', Constantes a, b, «, Q ita semper deter- 
minare licet, utsitL=~-, sive() = ML. Porro habentur aequationes: 

1) -I- d-81.’)-^- - kQ = o 

d’L dL 

*) <*-**) -j^r + fl-sx*) — 

t|uos etiam huuc in modum repraesentare licet: 

(k-k')dQ 

5) d - 


dk 


*) d 


dk 

(X — X')dL 
dX 

dx 


— kQ = 0 


— XL = 0. 


Substituamus iu aequatione : 

(X-1'J-^- + - kO = o 
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Q =ML, prodit : 
<1’M 


Itk-k-) i^- + (i-sk>>4?-- kM }+ -Jr {*< k - k,) - 1 Y- + <»-“•>»}.+ = °* 


qua per M multiplicata, obtinemus : 


d*M 


dM 


5) LM j(l — l') "■jpr" + (t — “jj 


k.M 


i* 


(k — k’)M’dL 

dk 


dk 


At e §* antecedente fit: 

(X-X*)dk 


M* = 


n(k — k')d>. 

Porro ex aeqaatione 4) fit: 


uude 


(k — k*) M’ d L 

dk 


(X — X*)dL 
n d X 




(X— X')dL 


dX 


(k — k*)M’dL 
dk 


•j = xl.dx. un<Ie 

(X_X*)dL 


= d 


dX 


XLdX 

ndk 


dk " ndk 

Hinc aequatio 6) divisa per L in hanc abit: 

«> M M^+<'^-5f--k M ) + ^r = ®- 

Ubi in hac aequatione valor ipsius M ex aequatione M’ =a — ^ — V) ~ d x~ su l' s ^ ,u ‘ ,ur > de 
tinetur aequatio ditfrrenlialis inter ipsos Modulos k, X, quam facile patet ad ordinem ter- 
tium ascendere. Facto calculo paullo molesto invenitur: 

„ Sd*X* 2d X d*X dX* //1 + kY /1+XV dX’| 

* SP dT- dF + 7F{(k^j-(x±jpj-7F}“°- 

Iu hac aequatione dk ut differentiate constans consideratum est. I ,>11001 ubi iu aliam trans- 
formare placet, iu qua differentiate nullum constans positum est, ponendum erit: 
dxd*k 


d’x 

dk* 

d’X 

"dk* 


d*X 

7F 

d* X 

"dF" 


dk* 

Sd’Xd’k 

dk* 


dXd*k Sd Xd* k* 

dk* d- 


unde: 

8d’X* fdX d*X _ 8d*X’ 8 d X’ d* k* SdX’d'k *dXd'X 

dk* dk '7F dF dk* + dk* — dk* 
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Hinc aequatip 7) multiplicata per d It* in sequentem abit, in ({ua differentiate nullum 
constans positum est, vel in qua ut tale, quodcunque placet, considerari potest: 

8) s Jdk’a’x* — d>.*d* k*| — Jdtdi |dkd'x— aid’k| + d k> d x* |^L±i.'j’d k’ - |L±A’ jd x*j = o. 

Hanc patet, elementis k et X inter se commutatis, immutatam manere aequationem, id 
quod supra de Aequationibus Modula ribus probavimus. 

Operae pretium est, alia adhuc methodo aequationem illam dilierentialem tertii 
ordinis investigare. Quem in finem introducamus in aequationem, unde proficiscimur: 

k Q == 0 


d* o an 

(k-k.j-JL + a-sk’)-^ 


quantitatem (k — k 1 ) QQ = s. Fit 


.if. = ( 1 -JklQQ + *(k— k’)Q 4 ?" 

d k d k 


ill = -6kQQ + 4(t-Sk*)QdQ + *(V_k')(l^y + *{k_k>)Q-4ir- 

Qua in aequatione ubi ponitur: 

£L = - 4 kQQ + *(._Sk-)Q + *Ck-t«)( 4 f)' 

= * 4 r{ (I_sk,)Q + <k-k,) 4 r) ~ 4kQQ - 

Qua aequatione ducta in 2s=2(k — k')QQ, obtinetur: 

*(k_k')Q 4 Y-{*(i-*k*)QQ + *{V— l*) Q “ Bk*(l_k’) 4 J*, 


$, d*s 

dk’ 


sive cum sit: 


t(k-k>)Q 


dQ 


dk 


— (t— 5 k’)QQ 


i(l— Sk’) QQ + t (k-k*) Q 4 r = 


{t-Sk^QQ, 


obtinemus : 


-t ? 1 “ (irj- «-“VQ* - 8 k, <t- k ’)«?* = (-£-/- «* 

_ t»d>» /8*1* /t+k*,' 

91 — -W + Ict )’*- 0 
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lam vero posito a'K 4- b'K' = O' - 5 - = t, vidimus esse - 4 r~ = ■ "* ,, ■ 

* Q uk (k — r)QQ 


designante in Constantem; unde s = - . Aequationem 9 ) iu nliam transformemus, 

. * », 4 . r , di md*k d 1 ! ntd*k w» «I* k* .« 

m qua «lt constans positam est. fcrit -j*- = -377*-, = 777*7 - 777*7 » 

substitutis ex aequatioue 9 ) prodit: 

it* . 

0. sive 


714.1*,' ^k* 
df 


*d’k Sd’k* /t4-k'|' 
di*dk ~ dl’dk’ + (k — 17 

10) 8 d’kd k - 8 d*k* 4-jlii’j’d k' = 0; 
ubi secundum t, quod ex aequatione evasit, differentiandum est. 


Ponendo 


«'A 4 a' A' 


u , Constantes a, $, 


1 A 4- 0 A 

formatus, ita determinari poterunt, ut sit t = «; 
11 ) 8d'XdX — Sd’X* + JX' = 0 , 


a, ff, quoties X est Modulus trans- 
ncc non simili modo obtinemus: 


in qua aequatioue et ipsa secundum ■» = t differentiandum erit. Multiplicetur aequatio 
10 ) per d X’ , ‘ aequatio 11 ) per dk’: subtractione facta obtinetur: 

18 ) Sdkdx|dXd’k — dkd’xj - s|dX’d’k’ — dk’d’X’j 4 dk’dX'^-±£l’dk* _ (i±£)dX'j = 0. 

At haec aequatio cum aequatione 8) convenit, in qua scimus, ilitfercntialc quodcuiiquc 
placeat tamquam constans considerari posse, ideoque etsi inveilta sit suppositione facta, 
dt esse differen tinle constans, valebit etiam, quodcunque aliud ut tale consideratur. 

Ecce igitur aequationem differentialem tertii ordiuis, quae innumeras haliet solu- 
tiones algebraicas, particulares tamen, viz. Aequationes quas diximus Modulares. At In- 
tegrale completum a functionibus ellipticis pendet ; quippe quod est t = » , sive j ^ )' ~ 

— ^ ^ ^ , quam ita etiam repraesentare licet aequationem : 

m K A + m' K' A' +■ m* K A' wF K' A = 0 , ^ 

designantibus m , m', m", m'" Constantes Arbitrarias, (luant integrationem altissimae in- 
daginis esse censemus. 
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Inquirere possemus, an Aequationes Modulares pro transformationibus tertii et 
quinti ordinis reapse, quod debent, aequationi nostrae differentiali tertii ordinis satis- 
faciaut. Quod vero cum nimis prolixos calculos sibi poscere videatur, idem de transfor- 
matione secundi ordinis, ubi X = , demonstrare sufficiat. 

Consideretur dk' ut constaus, fit: 


X_ »- k ' ,+ 

* 

k k + k' k' = 1 


1-t-k' 

dx -* 


dk _ -k' 

dk' "" (t+ky 


dk' = k 

d’X 4 


d’k _ -i 

dk- - (t+ky 


d k 1 ’ = k 

d' X — 1* 


d'k Sk' 

“dii- “(t+kV 


dk' 1 k* ‘ 


Hinc fit: 

ak’a , X*— ix*4*k* 16k'k‘ 4 


dk'* 

k’(l + ky k*(l+k',« 


4{k*k"-(t + kV 

} 4{k-(l-ky-t) 


k'(l + ky 

k*(l+ky. 


1’orro obtinetur: 



dkd'X_dXd>k 

1*1' . 6k’ 6l| 

[td-ky+tj 

dk- k(l + k> k>(l+kV 

i‘(t-ky 

dkdx{dkd’X — dXd’l 

| l*k-{*(l— Vf— i} 


dk'* 

k*(l + k> 


S{dk’d'X'_dX’d’k’} ■ 

- * dkdx[dkd'X — dXd'kj 

lt(tk- — 1) 


dk'* 

k*(l +V>4 


Porro fil 


/i+k’ i* _ a+iy 

Irrry dk- ~ k*k- 

/l+xv dx’ _ 4 i i+k’ i* i tq-k' 1 1» (1+kV 

I X— XV dk" — d+k'/» \l-k'f f *k' I k’ k* 


unde: 

jl+kV dk’ _ ( l+xv dx’ = » C1 — » k'"; 

tk^V/ dk- lx_W dx* l'k' . 

dk’dx> f/tq-k’,’ dk’ «d-n”) 

“ k'« Wk-W dk ’' \ X— Xy dX*' I k*(l+l> 
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Hinc tandem fit, quod debet: 

sfdk^X* — dV4*k*) — * dkdX {dkd‘X_dXd'k} 

dP* 

dk*dV //1 + kV <»k* /1 + X* j* dv | l*(Sl’*_l) lf(l_Jk'*) 

+ dk‘ I \ k — k V dk'* U— X*/ dk'*/ k*(l + k> + k*(l-*-k'>« ~°' 

.Ubi methodi expeditae in promtn essent, ai quas aeqnatio differentiatis solutione» alge- 
braicas habet, eas ernendi omnes: e sola aequatione differentiati a nobis proposita Aequa- 
tiones Modulares, quae singulos transformationum ordines spectant, elicere possemus omne». 
Quam tamen materiem arduam qui attigerit, praeter Cl. Condorcet , scio neminem, atten- 
tione Analyslarum dignanti 


34 . 


Aequatio supra inventa: 


MM 


1 X(l — XX) dk 

T' k(l-rkk) ’ "dT 


cuius ope ex Aequatione Modulari inventa statiin etiam quantitatem M determinare licet, 
digna esse videtur, cui adhuc paulisper imntoremur. Non patet primo aspectu , quomodo 
valores quantitatis M in transformationibus tertii et quinti ordinis inventi cum aequatione 
illa conveniant- Quod igitur accuratius examinemus. 

o) In transformatione tertii ordinis , posito u = V iT, v = invenimus : 

|) u‘-r< + tlt(l-lV) = 0, 
quam ita quoque exhibuimus aequationem §. 16 : 

Porro fieri vidimus: 

8 ) m - . - t ... = g, ;~ u .. 


Dilferentiata aequatione l) obtinemus: 

da _ + 

Jt 2u‘ + t — Jm’? 1 


L 
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sive loco S posito ^ j | iv ^ u | : 

. d « tv’ U 1 -f- U 9 V* «4“ i U* V 

d* 2u' + * 1-frv’ — !ut» 

Kx aequatione l) sequitur: 

t — O* as (1 + u*) {l — v* + Su» (t — a*v*)J 

= 1— u'v«-f u»-.v« + *uv(l-f-u*)(i — u*»’ 

= l_u«T* + *u'v(l— u’**; a= (t— u’e)(l + D' 1 ’fSn 1 *). 

Kodetn modo invenitur: 


l— »• — (i-nSKt+uV-Juej, 

unde 

t— »• l+»’»’-iui* 

H^r = T +.’,’+ie, 1 »‘ve ex aequatione 4): 

1 — »' du 2v J — u 

1 — u* dv Ju 1 -}-» 


Oua aequatione ducta in 


▼ V V 

3u (Su > -f-v)(2^ > — u) * 

prodit: 

t v(l— v») du _i_ X(t — XX) 
S ’ u(l — u") ■<!»“$■ lt(l — kk) 

Q. D. E. 



6) In transformatione quinti ordinis, posito u = / k , v— V x, invenimus: 

1) u* — T* + 5«V(a'- v’) q- 4uv(l— u»v«) = 0. 

quam his etiam «nodis exhibuimus aequationem $$. 16. 80: 

u-fv* y - 


*) 


= 5 


u(l-f-u’v) »(l — u**) 

*) (u’ — vY = 16u’s’(l— u‘)(l *•). 

Porro invenimus : 


4) M = Y(1 - aT ’J = - u +** 

▼ — u* 5 u( 1 +m‘v) 
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Differentiata aequatione S), oblinemus: 

6ut(1— u*)(i — v B )(udu — tr d y) = 

«i (u* — v*) (1 — u*) (1 «— • 5 *' ■) d v -f « (o 1 — r*) (1 — v*) (l — 5 u*) d u , 

sive : 


5) r(i — ▼*) |5u* ■— u 1 * + t’ — 5ii"t*|(ja s= u(l — — » w -f u* — 5u*^*|dr. 


Aequatione l) ducta in u*, v*, eruitur: 

5 u* — u 10 -f t’ — 5 u* *’ = (1 — u* v*) (t* -f 5 u* 4- 4 u* v) 
5v*— f*° -fu 1 — 5u’v p = (1— «^Y*)(a*-f 5f‘ -4m‘), 


uude aequatio 6) in hanc abit: 


fi) 


v{l — »*) ilu 


u' 4- 5»* — tny' 


u(l — u*) d» ** + 5u* 4-4 u*t 

Ponatur u -*-▼' = A, u- 4 -u*t = B, r — u‘ = C, v — ut* = O, ita ut: 

AC 


erit: 


Bl) 

D 

TT 


= S , sive A C = S B D 


A 

50 


M: 


u’+ 5»* — tue s=: u A 4 - 5vl) 

»’ 4 , 5«*4ti i r= vC 4* SaB, 


T(t— V") du 


uA 4 5vl) 


u A B 4" T AC 


u(l — n*) ‘ dv «C4-5uB vCU + uAC - B 
bB + tC AD AD 


vO + bA BC 


BC 


5MM. 


Fit enim: 


uB + vC = vD4“uA = u u 4“ * 

Unde etiam : 


1 »(t_ »•) du 

5 ' u(t— u') ‘ d» 


O. D. E. 

* • 


1 A(l— KK) dt 
5 ‘ kCl-klO ■ dA 



L 2 


Digitized by Google 


84 


THEORIA EVOLUTIONIS FUNCTIONUM ELLIPTICARUM. 


DE EVOLUTIONE FUNCTIONUM ELLIPTICARUM IN PRODUCTA 

INFINITA. 

35. ^ 


Proposito Modulo k reaJi, unitate minore, videmus Modulum 


* K <K 

a. sr k < »m eoam . sin eoam — 

I n n 


■ . . sin eoam 


(n-l)K|* 




in quem ille per transformationem primam n“ ordinis mutatur, crescente numero n, ce- 
lerrime ad uihilum convergere; adeoque pro Limite n = OO , fieri X — 0. Tum erit 

A = — , am (u, X) =u, unde e formulis A = -j, A' = obtinemus: 


„M=— A ’ - K ' 

ir n dM 


ir K' 

7IT 


Ponamus iam in formulis pro transformatione primae supplementaria §. 26 — loco u, 

n = QO : abit am (-£■ , x) in am , x) = y = sin am x) in sin ; porro 

am (n u) in am (n) . Hinc e formulis illis nanciscimur sequentes : 

(’ - JLf )(“ )(’■ ,.•% ) 


sin im u = 


co» ani u s y I — y y 
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unde : 



♦ ij»»" uni’ 

<! — q’“7 


1— *q ,n 'co»S«-t-q‘ in 

(1-V-)* 
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jf 

in i n K' 


*± 

C °‘ ' K 
m itrK' 


rriifrK' 


— yy 


. miffk' 

i * »in « 


K 

ni i r: K’ 


— yy 


_ l+i()"“eo»* l + q‘"> 

(1+1’“/ = (l + i’“/ 

/ , 

»q w »tni _ litqWiim + q’»' 

l + q'“ “ l + 1' m 


gq“(l + q’°») 

1 — *q ! “co»*x-f q*n> 


£ q “ fl — 1 * m ) 

1 — 2q ,m co»2**+-q* in 


His praeparatis, atque posito brevitatis causa: 


A = ( (i-q)(l-q’)(t_q») •• |* 
\ (l_i*;(l_, «)(!_,•) .. / 

b = f t 1 — q)(i— ■]’)(! — 1*) .. / 
l tt+VJ(l + <I , )ft+^ .. I 

C = f f 1 -*!) c> -«!')(» -q 1 ) -- I* 

\ (»+q) (i+q')(i+q'> . • I ’ 


prodeunt Functionum Ellipticarum evolutiones iu Producta Infinita fundamentales: 


1) sia im - 


t Kx 


3 ) COS UTI 


3 ) & «m 


t K* 


2Kx 


8 AK 


— B cos a 


— - .... .. . j 

(1 — </)(! — 8 i«co.r,+q«)n — £o»eo»t.-l-q-n .. 

(1 — *qco.tx + q’)(t_*qco«S, + q*j(l_t,. co ,j, + ^77- 

«•Hq* wSv + q*) ( 1 +tq* co»ti + q«m aMt. + q..) 

(l-£lM.j£x+l’;{l_iq’c.,*, + q*)(l_t,. co ,t,+Y^77 
(t+*qco.ti+q , )(t + »i' C oit« + q*)(t + *,. co ,2,4. a .» 1 _ 

(1 — *ico«*« + q’J(l — *q>co.i. + q*) Sx+^TT 


♦> 


V 


I * Kl 

1 — sm im 

9 T 

~ *K« 

1 + sinant 

ir 



1 — sin * 


(t-tq.inx + q’) (l-tqMn i+^Ht — ta’rin.g.n^ .. 
(l + lq.in.+,’) (»+*q’.i'n« + q<)(l + g s ),; ni+ ^j— 



(l-£y ^•'■»«-t-q)(l-»</V.m» + q’)(i-»/^r, in , + q , 1 . 

(!+»/■ q‘in*+q){t+*/V>i»«+q , Ki+*/V»-«+q‘) '. . 


Digitized by Google 


87 


Nec non aliud formularum systema, quod resolutionem propositarum in fractiones sim* 
plices suppeditat: 

6, „ tK ' , fTutfl , /Vd-t-f) j 

ir kK \ 1 — IticoiJi + q’ i — 2q , co*2i4“ < |* I— 2q l cwli + q" / 

*K. t« i /^(t-q) /Td-q 1 ) . /Vd-q') \ 

coa im ^ ^ y i— 2(jco»2i-f q' 1 — 2q l coj2x + q* 1 — 2q*co#2 x + q‘° / 

# 

Quibus addimus ex eodem fonte manante*: 

, W-gfJ ) 

n K \ 1 — 2qco#2x-f-q*J k — 2q 1 co*2*-f-q* 1— tq*co»2i -f-q 10 f 

9 ) im = ± * + 2 Arctg.- ; ■ * fArctg. , -f 2Arct K . - 7 - 

n 1 — q 1 — q' 1 — q* 

In formula postrema signum superius eligendum est, quoties in termino negativo, inferius 
quoties in termino positivo computationem sistis. 


36 . . 

Contemplemur formulas l) — S), in quibus ante omnia quantitatum, quas per A, 
B, C designavimus valorcs eruendi sunt. Facile quidem invenitur pouendo x = — , e 
formulis S), l): 

V - C I d— Dd-yxi-tf)... f_ cc 
< d + q)d-,')d + q‘)... I ~ CC ‘ 

unde C = /Tt 7 ; 

iak /d+qld+q^jd+q*) •••!*. *ak c_ j/Yak 


1 — 


unde B = 


* ld+i) d+q‘)d+q' 
*/Vak 


[•)...»• * A K C 

. ' TT _ 


.11 


. At ut ipsius A eruatur valor, ad alia artificia confugiendum est. 


Fonamus e**= U: ubi x in x -+- mutatur, abit U in /Jv, sin am iu 


2 K 




k »in am • 
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K torum!» l) autem oblinemus: 

IK, AK/U-U-»v 

.«.nn— - — ^ i ) ' 


iirK' 

“tir 


untle mutando x in x 


k sin am ■ 


quibus in se ductis aequationibus, cum sit: 


/^U-ZV-U- _ -1 1 -qU* 

nr^ /--• u_b- • 


prodit: 


_L _ _L »ive A = JL&_i unde = ±Q- 
k v"q V * / /TT K * ✓ k 

Hinc erit B = a ^~— = ay T V r* ,am *S i,ur fi,: 


?K» 1 *‘/T sin x (1— q*)C»— Sq*CM«i + qT(l— ^•coltl + q'*) ■ ■■ 

d — SqCD.i»+q’)(l — iq'co»*» + q*)d — *q‘co»t« + q«>) . . . 


V •> 

i Kl /~V ?V~7co«»d-t-gg 1 «»»»+q , Hi+»q*« , ** , +q''Hi+*q‘«»*«-+-q”) •• • 

— = V k - (i_*i«o»*«+q*)(i— *q’co»*«+q l, )( l — q‘“***+q”) ••• 


A am 


1K , r~r (l-hS' l co»8»-t -i t Kl + j, l lc<> ** , ~Hq*)t 1 'i** ; l ‘ e0ltl + l t 1 ^ • • • 

— 7“ = V k . (i_J 1M ,J,+q’)(l- Sq’ CO»*« + q*)d— *q*e<«**+q" 1 ) ... 


Aequationibus in se ductis: 

,r— /T _ ( (1 — q)(l — q*)tt — q*) ■ • r 

B = s^ q y — - \7l+^d+",«)(l+q*) . . ( 

rr Kt-gia-g^Ki-q*)--- T 
c ~ v ~ > (i+q)(i+q’Hi + q') • • • > 

prodit : 

5 'S~ V (d — q)(l— q»)(l — q‘) *\' 

/v j(i+q)d+q’K>+q’) • ')’ 
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l«m vero secui. dum Eulerum in Introd. (de Partitione Samerarum) est : 

d+qld + q^l+q") • 


d-q^d-gld-q*) ... 
d-q)d-q*)d-q*) ••• 


a-qHt-qld-q») 


unde olilincuuis : 

1) {d-q)d-q’Hl-q‘)d-q-)..j' = • 

V k 

Advocata formula : 

1 t d-~q) d — q'j d — q 1 ; ■ i’ 


A = 


/Y.K 1 O-qW-qW-q*).. r 


fit: 


i $kk' k 1 

*) {d— q^d—qfld— q*)d— q*) ■ •}* = - ^r- . uude etiam: 

• . «'V *1 

S) {d-q)d— i*>(«-^(t-qffl ..}* 


i/~ kk’k’K' 


Otiiliu- addere licet, quae facile sequuntur, formula-.: 

♦) {d+q)d+«j')d+?‘)d+<r> ■•}*«= 

*) {d-HTHi+VHi+VId+q') • •}*«= — r ~ -~z =: 

4 V k' ✓ q 

®) (d+q)d+q’Ki+q')d+i*) • -} f r^=- • 

*k 'v <i • , . 

E quibus etiam colligitur: 

. e » 

. . _ . l d+VKi+q Wt+q"? •• f 

’ I d+q)d+q^d+q1--.l 

8 k- I d-qld-q^d-q')-- I* , 

l(i+i)d+q , )d+q , )--l 

r «K I d-q r )d-q-)d-q‘) i’l d-t-i) d + q') d+g'; • 

\ d-q)d-q’)d-q*) •”> I O+q^d+q^d-t-tfl •• I 

«kK r- I (l-V)d-q-)tl-qn-- I* 

- v 1 1 d-q’)d-q')d-q") • • / 


10) 


M 
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•0 


Sk'K 


<1— H) fl— V) (1 — «1') 


ii) _ I i 


IS) 


i/V K 


I (1 + qXH-q’Xl + H’) • 

y- [ (l-q»J(t-q»Kt-q-) ■ 
* 11 | (l-q)<t-q') Cl-q‘) 

| (1 — ,,-XI— q«i(I-q-) 


r, 


Ut+qW+qW + O-- I 


K formulis 7), 8) sequitur aequatio identica satis abstrusa: 
14) {<l-q)(l-q'){l-q*) . .}*+ 16q{Cl + q’)0 + «l‘Kt+<n )' 

... {(‘+q)(‘+q’)CH-<t') --}’- 


37 . 

• • • . * i ** * •’ i 

Vidimus supra, ubi de proprietatibus aequationum Modularium actum est, mu- 
tato k in -p, abire K in k (K-t-ilv), K' in kK'; porro fieri: 

sin' ani |k u , j = *°* co * m < u » V) - ' » 

cos ini ^ku, = sin coiin (u. k') 

srn | k u , - — i ” —r i . 

t k / O am(n, kj 

Commutatis inter se k et k', hinc sequitur, ubi k' in seu k in obeat, simul abire 
K in i'K, K' in k' (K'-t-iK); porro fieri: 

sin ani ^k' B , ■ j = cos coini u 
ens ani ^k'o. = sin eoam u 

/ • ik \ - 1 

ii »nt k u, — r,- I = — . • 

\ k / J Alti U 


unde etiam : 


/ , ik i n 

(k'-.— ) = T“ 
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— irK' 

At mutato K. in k'K, K iu k(K'-f-iK), al>it «| = e 

. THEOREMA 1. 

Mutato <| in — q abit : 

. . ik . i 

k tu . k m 

Kin k'k, K' in k' (K' 4“ iK) 

2Kx , t Kz 

sin «n — In cos eoam 


v * 


2Ki . , *K« 

coi aut in «n eoam 


A atn 


IKi 


Aam ■ 


!K> 


2Ki 


2 Kz 


mutato simul q in — q, x in x, abit : 


«Kz . n *Ki 

iin — in — — am 


t K* \ * 2K* 

sin am — ■ in cos »ifl ■ ■ - 


' «Kz- , *K. 

cos am in sin am — 


«Kz . 1 _ «Kz 

A am m -p- A am ~ 

!t t W 


Inquiramus adhuc, qunsnam Functiones Ellipticae, mutato q vel iu q* vel in 
/q, subeant mutationes. 

Vidimus supra, Modulum X, per transformationem realem prunam n 1 *, ordinis a 
Modulo k derivatum, ea insigni gaudere facultate, ut sit: 


A' K' 

A .M,"' K 


K r * 

“*k 


unde mutato It iu X, abit q = e ia q". M«»V « *>obis de transformationibus 

M 2 
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imparis ordinis generaliter probatum, ion» dudum a Cl. Legeudre de transformatione se- 
cundi ordinis probatum est, videlicet posito X = fieri: 

».(i±L)«. 4,,.^. 

unde videmus, imitato k in - k> - abire q ili q 1 . Jiiuc vice versa obtinemus 

THEOREMA II. 


„ Mutato q 

in q ‘ abit 

k in 1 + k . , K m ( + ) K 

ude etiam : 



' . . . s /A' 

1 + k in 

i 

2 

1 + k' 

i+k' 

VK io /VK 

‘l— k in 

n' 

i+k’ • 


1 + k' in 

(1+/V/ 

* I + k' 

t+k' 

✓VK in 

1 — k' m 

(i— /it 1 )’ 
i+k' • • 


hx inversione huius theorematis obtiuetur alterum 


THtOR K M A III. 


„ Mutato q 

iu /" q, abit 

k in -fqpj-i K iu (t-t-k) K,” » 

etiam : 


0 

T. . t-k 

> m 

1 + k in 

(1 + SW 



l + l 

M 10 ’ . . . 

1— k in . 

(1 - vV' 

1 + k 


1+k 

kK in S/Vfl 

1+k' in ■ 

2 



1+1 

/VK in k'K 

1 — k' in - 

t k 

* . 


i+k 


(>uae tria theoremata evolutionibus §§. S5. 56 propositis multimodi* confirmantur, suani- 
que in sequentibus frequentissimam inveniunt applicationem. Ouippe quorum ope vel 
ex aliis alias derivare licet formulas, vel aliunde inventae commode confirmantur. 
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Quantitates, in quas posilo q ,n loco q abeunt k , k', K , desiguemus per k ,ul> , k'“’’ J 
K‘ m ’, ita ut k' m ' sit Modulus per transformationem rcalera primam n u ordinis erutus, eius- 
que complementum k‘“*^ Ponamus in aequatione . 

I (l-q)(i-q’)(l-q»)(l-q’) ... )• 

loco q successive q 1 , q 4 , q', q'% cet , prodit facta multiplicatione inliuita: 

. ( (l-l’)(l— T)(l — q-;(l — q ' 

\ (t+q*)(t+<i 4 )(t+q"Hi + q‘; 


k :.S k ,.,. k — V = < (t-q 4 )(t-q«)(l-q-;(l-q>) 

' ” I 4 ) • • • I ’ 


at invenimus: 

I d-q’ 

\ H + q^a+q^Ci+q^Ki+q' 

unde: 


f (I-q 4 >(t-q*)CI-q*){l-q‘) ... * i PK 

•).../ » 


9 V , fet»/ ^tut' 

15 — = v r — 


Cum sit k ,,y = fit ex l): 

/tK\’ i tyv t/*? 57 " 

\~) T ' i+k' " 


iv' k 1 ''' 


l + k'"' ’ l + k'» 1 ' ' } + k" 

unde divisione facta per l): 

*K * t t * 

' n l+k' ‘ l + k'*»’ ■"l+k>«>’ ‘ l + k-"' “■ 

Quae etiam eo obtinetur formula, quod sit: 

IK *K'** * 


*K'*' 


*K'«' 


« ' l + k' 

iK“> * 


*K“' 


' l + k'*' 


•l + k- 
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unde cuin, crescente m iu infinitum, limes expressionis 
/inilo prodit 2). Posito:' 


*K"»> 


sit 1 , facto producto iu- 


fit: 


unde : 


ideoipi 


l+k' 


III 5* 

1 . 

n = k 


m -f- « 

n' = / m n 


i' 


n’ 

n' = i n/n* 


2 


ni' + n" 



i 

• ) 

k (, >' = 

s/TT 

n 

•+k' 

m* 

k -** S 

i+k"" 

vT 

m" 


s v^F 7 " 

i+k 1 * 1 ' 

n” f 

m"’* 

• » 

m 

s 

m* 2 * 

m' 

l+k"e ‘ 

m" ’ l + k'* 1 ' 


SK 


m nt m m 

m m" m" nt"* 


seu designante p limitem communem, ad quem ra' v ', n'’" convergunt, crescente n in 
infinitum: 

s, = J-. 

ir M 

• • v 

(Iliae aliunde nota sunt. 

Ponamus rursus in formula : 

2 K * 


^ am 


-/•jT (14*2qr.o4 2*-t-q*)(l^-2q*cD»2i-+ ,, q*K l+Sq s c«»2*«fr ,< 1 1 ') • • 

* (I — 2«|Co&2x 4-q’}(I — 2q 1 co»2»-f-q* , )fl — 2q*cos tx-f* • • 
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loco q successive q 1 , q*, q , cet. j sit porro : 

■ — , k ,sl | ^ »>n | , k* 4l j^am| — -- — — , 

Facto producto iuliuito, cum sit: 

*/Tk 


obtinemus : 


S = 


_ j k ,»l- k ../ k ,./ k W ... , 


2 £l+2q I cu»2«q-q , )(I-t-2q 4 co*2*-t-q 4 )(l-k-2q 4 cos2K-+-q'0_ 


n (1 — 2q-co»2« + q*)(l— 2q*CO»2»q4^)(l — Xq-COiSl + q 1 ’) ... 
lam vero e formulis: 

2 K« .-> 

MU Ulli — = 

ir 

2 v q»io»(l — 2q’co»2i-t-q*)(I — 2q 4 cm»2i + q*)(l — 2 g* co»2«q-q"j 


/"k ’ (t — 2 q co»2* q 3 ) (l — 2q'cos2 1 ^. q*j (1 — t q* co*2« + q ll> ) 

2Ki 


■VT 


k' V^q*c»« -t (ig-2q a C0t2a-t-q*) (1 g-2q 4 CQ*2x^-q M ) (1 q-2 q 4 cos2a-t-q'*J . . ■ 


(1 — 2qco>Si-f q’) (1— 2q'co»2«-t-q*)(l — q* cc«2»q-q ,l> ) 


obtinemus : 


lang I 


2K< 


1 lang . i(I — 2q*en»2i-t-q , )(I — 2q 4 co*2«q-q’)(t — 2q*co»2« + q'J)_ 
“7T - (t+2q>.t»+q‘)(l+Iq > CM*» + q , )(l+2q''co.*«+.V’) 

unde prodit formula memorabilis : 

tKi 


4) lang * = ■ 


S. Ig atn - 
" 2K~ 


llt eandem per formulas notas demonstremus, advocemus formulam pro trau.sformalioue 
secuudi ordinis, qualem Cl. Gautm exhibuit in Commentatione inscripta: „ Determinatio 
Attractioni*’' pet. : , 


!Ki 

»m im 


/ 9K s, i \ 

(1 -fr-k 41 ») >in in | - ^ . k' , *j 

1 + k«’> ,in’ an. ( — , k'") 


: 


Digitized by Google 


quae brevitatis causa posito: 
r *K""'« 


| * K " T1 ! - . k‘“"J = . & an> ( 


/ tR lW i 


k<"» 


: &' mi , 


ita exhibetur : 

*in I P — 

unde etiam: 

CO» Q = 

A(Q) = ■ 

•«*>=“• 


Cl + k‘») iin ?><•' 


l+k 1 ’ 1 iin* ? • 


coi ?>'” 

1 + k'*‘ iin’ $>•*’ 
1 — V” m?W' 

1 + k' ;i iin' ?>'” 
(1 + k'»') Ig $'»■ 

£i» 


Formula postrema ita quoque repraesentari potest: 


'g® 


1 

2K 

*K<’* 

A<*> ’ 

IT 

ir 


unde loco q succcssire posito q*, q*, 

q\ • • 

V", . . ; K"’, K'*’, K'*’, 

G. ; 

<P'"> V 

•g«":' 

1g ^ 

i 

*K'*' 

1 

1 

* 

• 

* £<«» 

«r 

n 



is*» 1 ” 

1 

***♦' 

*K"> 


▼ 

ir 



•g<P , ‘*' 

1 

2X<“ 


’ &<»*» 

*r 

w. 


lam limes expressionis 

- 



1 tX'»'i 


*g »!* \ “ 

ir 

t K*V' 


*K'P' 

ir 


ir 


, , obtinemus : 


k'P- 1 
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cresornte p in infiaitnm, fit 


ung < ; 


tum enim fit k' 1 ” = 0, K' p> = — , am (u, k) = n; ‘unde iam facto prodacto infinito 
et posito, at sapra, S == A 1 ’’ a“‘ "prodit : 

«E# _ <*•» 

~ tT s ' . 

« 

(juae est formula demonstranda. 

K formula : 


tg I s 


S'g0 

!K 


% 


Algoritlimus non inelegans peti potest ad computande Inlcgralin KUiptica primae speciei 
indefinita ; idque ope formulae, probatu facilis: 




Quem in finem proponimus 


THEOREMA. 


Posito 


/ ■ 0 

J0 = 

y' m m Co* Q* -f- n it Sju <J ) 7 


y m ni Co* (f> * -f- u n Sin (p = jX , 

formentur expressiones : 


m + n 

j 

m-f n' 

! 


/; 


mu s » 


i o = n 


Cx 


V 


m in (A -f- n) 
n» 

rr — p 


/ m* w> (A* + n ‘) 

- V 


yf' m" n’' 


V 


m m ia +n ) 
m“+A’ 

> 

N 
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I 


designante p limitem communem , ad quem quautitates m' 1 ", A lfl , n' p ' crescente p ra- 
pidissime convergunt, erit: 


A' A" -A" 
i*** f* * = _■ 


i ni m . . . 


• nogtf». 


Iisdem methodis , quibus in anieccdeutibus usi sumus , invenitur etiam valor 
producti infiniti 

» v~i rvV «‘/V 

/" k /V 7 ’ JTZ / k 77 ' 


Quem in finem allegamus formulas §. 36, 4), 6): 

2 'S — 

{a+^a+iift+^d+n ...}*= -7==- 

y kk' 

H * V 1 

quarum posterior e priori nascitur loco q posito successive q', q*, 
ducto infinito, unde obtinemus: 

k _ i W t’/^ r v T‘ 

k/V/T -f k"’ k‘”' / k** 1 k"»' k'” k'*” 


.. t . i 

q* cet. et facto pro- 


Iani vero eruimus l): 

*K k'« ,, k'"' . . 

— “V — f — 

unde : 

/r »k tfT «yy «yy «‘/v- 

*V q * Z' k /"k 777 /"k 77 » Z k<« 

9 

Quae licet aliena videri possint ab instituto nostro , cum nec elegantia careaut , et 
magnopere faciant ad perspiciendam naturam evolutionum propositarum , opposuisse 
iuvat. 
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EVOLUTIO FUNCTIONUM ELLIPTICARUM IN SERIES 
SECUNDUM SINUS VEL COSINUS MULTIFLORUM ARGUMENTI 

PROGREDIENTES. 


1) sin am 

w 


39 . 

« 

* ' v 

E formulis supra traditis: 

_ * A _ (t — gg* cu ig<-frq «)(l — gg« co »gi.frq-)(| — gq-emts-t-q 1 ») , 


/r 


(1 — 2 ^ COI 2 1 - 4 " q\|(i — 2 q' (i» — 1 <|' COI 


2) COI M 


3} A am 


2K s 


2K* 


_ ly 1 coJ t ( l-Hs’«"»*« + S*)U-h *<| , Cn»Ss- t- q'>(l-f-g s > co «t.-f . . 


A 


(I — 2< I C...*1 + 11> ;I (I —* s ’to,2, 4- .,•}(!_ * 4 <co.S» + i|'”) . . 


t /~i T +? q 'co . t»-|-q , )(l 4-? q* e ,»,t 1 -^. s ‘ 1 ') . . 

(t — IqMwll-t-q^O — Sij’in«S« + <) - ){l — *n'cn> g i -f. n’") . . 


1 — sin am r - — . ■ _ 

* _ - / > — (J — 2 q sin t+ q \(|— 2 g 7 sint + g «)(|— 2 q *in« + q «) . . ; 

H iiw*in >K * * l + «n* * (l+*q S int4-q 7 )(i + 2qVun + q«)(l-f IqAius + q*) . . ~ 


tKx 


1 — k sin 


2K> 


1 + ksin ani - 


2K i 


(i — q »'"»+q)(i — *V — , . _ 

(t+*V q sina -t-<t)(t+* Au»" v q'wn * + **) ■ • • 


Iqgahthmi* singulorum factorum in altera aequationum parte evolutis, post reductiones 
oLvias, sequuntur hae: 


_ . . *Ki 

6 ) log sio am * ■ ■ = log 


* A~ > 


8) log A am 


2 K « 


1 -f- sin am - 


2 K i 


4- 

2 q coi 2 * 

2 q 7 cos 4 a 

2 q 1 cos 6 a 

T 

l+q + 

*d+q*) + 

Sfi-f-qV + " 

4 . 

2 q co» 2 v 

2c*co»4a 

2 q 1 cos 6 a 

T 

I — q 

*(«+<T) 

8(1 — q') + “ 

O- 

4 q cos 2 a 

4q , cos6a 

4 q 1 c.os 10 a 

l 

1 — q’ + 

»(» — «D + 

8 (t— q 1 *} H - 

tin a 

4 q sin a 

4q 1 sinSa 

4q' sin 5 a 

lin a 

+ i-t 

8 « -V) 

+ 8(1 — q*) 


N 2 
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n 

r M •% 


Sfcrf' •'*>' * *-v - * 1 

^ v 

101 — • • ojf ■* ^ 

F j^Ugary* . . *£•'■’’ «2 ^ • t jW^ . *aT . * J^n V i* v ^ r i 

,., tK 1 _ * ■!«>*« _ «■»’<=“»« + _j 3 l^l±L. ' & » f 

,4> ! 1 K I e». 1-4 l-S’ ‘ — I* ' . . i .'*&**«£ 

cuneum * 'if W 4 \i" ^«.r 4 • • • » . , 

« : ^k r * • • » *♦ . ‘i 


* • '*. i - 7 k * 

< i <• - < * | * 


•. - 


l 






>5) 


SkK 


* 

2» 


Ulii 

16 ) «i-. 


_ , . «* *• -» . 

* 2 K i 4 y qeoi» ♦/V'®**.* , * V ' I**”* 5 * _ .* ", 

IiB£( ^_= ___ T - r - + «jp ; • !>.✓*. 

T - • B O . • M 

in HLs formulis loco x ]>onitur — n, eruitur: • •■ »u y** * <• r 

x % ^ t. , 

^ ^ 4*^4 ( h <#$*» • 

Ikl 4 w. | ** 4 

Caico»» ».j_a. c-v:-*. 4 u' iin 6t , ( 

* * 'i' .» » X. 


cot im 


2 K«* 


4qJn*« . 4q’ tin4» 4q'«o6i , 

•g, _ ___+ = ... 


i+q* 


»+V 


ir 

t Ki 



SK 

«in co*ni - * . # 

« 4q»inzi 

4q’.in4« 4q’lin6i 

17) 

It 

* 

1 + H' ‘-5’ 

1«) 


*K 1 . «qri»« . 

4q*tinSt 4q % iih 5t 


!k< tini I — q 

l-q* ^ 1-5' 



ir nn aiti ■ — 

IT 


IQ) 

4k 

SK t «/^Tiint . 4/V»»5» , 4t/'q*'»in5* 

. «io *m — — r “t* . . * * ..i 


"•* -I» > . 4 * - 

* 4^ J. '£\ 

.-4 * ‘ 


i 

•' si 

J 


fgw 1 w.^4 «**+ 


. 'v. V . < 


Formula 15) ponendo -j x loco x immutata manet. 


1 J&U#* * Vft ** ^ 

ii ' + *♦ ' *?-. - 

-•• .-i ^ 

• - 

v* ' 

V - 1' Vr*. 


-*■'■' • .• * * * f Yf* } 

Mutando «j in — qc theoremate I. j. 57 lormulae lt), 12) iu 17), 16) al' « 

».^ : r.,a..ai. o tnnrnilLc t4i. 15). 18). 19) olitinemus: . . ; « ' • 


•>) 


*k'K 


n cot »m ■ 


IKt 


*> 


«k’K 


« ctw Ciam ■ 


1 

4q cot % 

4q'coiS» 

. 4.|'<fO*5i 

+ . 

CO» I 

1 + q 

1 <-4' 

1+4' 

.. * 

4 /'Teo ii 


, 4t/q*COl5« 

+ - - 

'•'. V .- 

1 + 4 + 

1 

i+q’ 

4 q «io x 

1 + 4* 
4q'»inS> 

4 q* «in 5 x 

> 

'.^4« • ' 

tini 

1 + 4 

1+4’ 

1+4’ 


4 /T^tint 

4|/ q' «in 3* 

4 /* q‘ iin 5 1 


■ # ^u 4.-^. * . * »i 

i If" Iflfe 

1 + 4’ 

1 + 4* 

# « ‘V 4 ^ 

k 'IA . ' , 1 . 

- '•►■x • . i 

# 

. . \ i 

» .; /%* -a.. 

») * Ij * 


■ 4 

* i 
1 


Tv • a 


*.# 


’ 


r*/ tifl 


: ,«*, * 

(f *Vbl 


«r “ 

<* 

V ‘ ', __ %TJK 


** f 

»r*. Jf , 

«u‘ * 


;* 

4 


I * 


* 




'•4&. 
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Formulae 19), 21 ) per evolutiones nolas ex iis etiam facile derivari possunt; 
quas supra attulimus $. 85. 6), 7): 



. SK., 

iir 

/ /* 9 0+9) . , /Vct+9') » 


n 

m TkT . 

\ 1 — tq costx-f-q* 1— 2q’ CO»2s-f-q* 

* 

f K* 

i 9T 

/. /7(1-9) /'/(1-9’) 


cos am ■ 

r» 

= TiT eo ‘ 

V 1 — iqcosis-f.q’ 1 — Xq co. is -J- q* 


-9*1 . ■ /7(1—9,*) _ \ 


K formula 9) §• 85: 


*K«. 


± , + * Arc l| ) m _ S Arc >i ^(-[±X)tg « ) + * a™ tg |( i±ij .* , | _ . . 

sequitur adhuc: .■ 


SKx fqiioti , 2q’ »in 4 x 2u’»tn6i 

»> + - 


i+t’ *o+V) »(«+<r) 

1 - * . * . . . 

Eandem enim pro signi ambigui ratione ita repraesentare licet : 

+ I + f Arelg. ® Arc tg . q. t A»c Ig . ii+9^ . 

t — 9 * — 9 . t — «1* 

— *• q. *. * — + . •. 

siquidem brevitatis causa t = tgx. Sit autem: 

a»i tg . W. _ , * A«tg . / JL±^lriLr2lLj = 

® 1-9 ‘I l-q+d+qjll I 

/ Iqt " ) . f qilntx .) 

Are| g ( iq.„ - q - (i-„) t = Arc '«•{—- i- 

, 2K i 

unde am = 

n 

q sinis 1 . q* sinis , _ . q 1 sin is .* 

s + 2 Arc tg . * Are Ig . - + * Arc Ig . -- -■ > 


sive cum sit : 


1 — q ensis 


q sini s 


1 — q’ cos 2 1 


1 — q‘co*2 s 


Arc '«-T^iir = ' , * iB * ,+ * 


q*sin4x q’*io6i 




41. ,Kl 

nt Jim = 


2 q sia is j fq T sinis t 2 q' sin 6* 

r+ !+<?* + + " + *” 
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quae est formula 24). ■ K cuius diifereutiationc prodit 

= l 


t K *K 

Z5) . U »m — 


4qcox2x , 4q’ct»4x 


4 q* co» 6 x 

l + q* 


i+q’ l+q* 

unde etiam , posito — q loco q seu * loco x : 

ggj — * j ■* »1 wm * ^ »4 twn»^ 4 q * co* 6 ■ 


am 


tlU 


4 g c 0 * 1 1 4q* co«4» 

r-S-v i 4 -t 


t+r 


40 . 

*- ■ m « * 

E formulis propositis, pouendo x = 0 vel aliis modis facile eruuntur sequentes: 

1) Io* k = lo*4i/~q' _ 

2) — Io* k' = 

. *K 

S) log — = 


*q 

+ 

*q’ 

“ 

4q’ 


*q* . 

■i+q 

*d+q’> 


»(i+q’) 


♦0+q*) 

8q 


8q» 

• + 

8q> 


8q» 

l-q’ 


S(l-q-) 

S(l_q'”) 


7(l-q‘*) 

4 q 

+ 

*q* 


4 q* 

4- 

♦q’ 


S(i + q’) 


Sfl + q») 7(l+.p) 


SK 


?kK 


■*l’K 


f/B* 


4KK 


= 1 


= 1 + 


1— q 
♦i 


♦q’ *q» 


i-q’ 

♦q’ 


l-q' 

*q* 


i+q* 




_ 4/V 4/q* 

I— q l-q» 1 — q* 


^ ±*Gl + 

: VJ- 

4t/ q 4 

4/V 

. * in 

. i 

H-q * 

l + q’ ' 

»+q* 

’ T • * 

= t _ iii_ + 

4q> 

♦q* 


*+q + 

l+q’ 

l+q’ 

■ T • 

«!_ 4 i + 

♦V 

♦q’ 

, ~i 

»+q* + 

i+q‘ 

i+q* 

T • • 

- t ** + 

4q* 

4q»" 

i 

l +q’ + 

l+q* 

i+q“ 

“t" • • 

- i 4 <’ + 

4q* 

4 q* 

. i 

l+q* + 

l+q’ 

l+q" 

T • • 

- i + 8 i + 

16,» 

S4q’ 


+ i-q + 

i+q’ + 

1— q 4 

T •• 

- i + 8,1 + 

*q’ . 

8q' 


+ (1 — q)» + 

0+q*)* ^ 

(‘-q’)* 

+ *• 
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9) — 


4 k k Kk 


10 } 


»1) 


4k'k'kK 


1 — 




4 k k' K K 


U> 


IS) 


4k'KK 


4 k K K 




16q 

48,,' 

_ 4 . 

80 q* 

. 4. . . 

1 -f + ' 

t — q* 

T 

l-q‘" 



. i«q*(t+q*) . 

16q , (4+q ,ft ) 

(t-q’)* 

» 

(l- 

4*)’ 1 

* (t— q’")’ 

- 8q +. 

16 q’ 


**q’ 



t+q’ 



T • • 


8 q' 


8 q> 

_ 4_ 

(1 + 9’J 

(t+q’) 1 


(t + qV 

r » • 

4v / 'q 

t*/v 

- 4» 

80 /V 


» + q 

t+q' 


t+q* 


4y '7<l + «ti 

1 . «/V<t+q') , 

4/Vd + q‘) 

fl+q;’ 


(t+qy 

J«+q*)‘ 

«q’ , 

16 q' 


84 q* 

- 4- . 

t+q’ * 

t+q* 


l+.tf 

1 • 

«q* . 

8 n 4 


8 q* 

. -t * 

- 4- 

O+qV 

(t+q*)’ 


(t+q-)* 

T • • 

4/ q , 

«/? 

— 4- 

to/V 

.. r •* 

i-q + " 

1 — q' 

1 

1 -q' 


4/Vtt+q) 

4 . ii 

'q’Ct+q’1 , 

4 V q'(l+q‘j 

(l-q)’ 

■ (t-- 

1 ’)’ 

(t-q l >’ 


+'• • 


Formulas 4)- 13) duplici modo repraesentavimus ; facile flutem repraesentatio altera ex 
altera sequitur, ubi singuli denominatores in seriem evolvuntur. Adnotemus adhuc, se- 
cundum theoremata §. 37 proposita e duabus «x earum numero, 4 U et 8 V *, derivari posse 
omues. Ponendo enim Vq loco q, eunt abeat K in ( 1 — k) K, subtrahendo e formula 4) 
prodit 5); deinde ponendo — q loco q,- abit K ia k' K, unde e formulis 4), 8) pro- 
deunt 6), 10); 5) immutata manet. Ponendo q 1 loco q abit k'K in V~k'K, unde e 6), 
10) prodeunt 7), 12). Ex 8), 10), quia hlc-4-k'k' = 1, prodit 9). Ponendo V q 
loco q, abit kK in sV k K, unde e 9) prodit 18). Ponendo — q Joco q, abit kKK 
in ikk'KK, unde e 13) prodit 11). Ceterum pro ipso Modulo vel Complemento eius- 
nfodi series non extare videntur. 


Formulis propositis ad dignitates ipsius q evolutu, obtinemus: 

14) log k => 

15) — logk' =■ 


log4f ^ — 4q + 6q’ — y q> + Sq* -y q‘ +8q« — yq’ + y q»_ y q* + y 


SS 48 64 104 96 . III 191 

»1 + Jl* + -5 <t* + y<T + — + — V* 
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16) log - 


8K 


17) 

18) 
19) 

*0; 

ii) 

**) 

*») 

**) 

») 

*6) 


8K 


8kK 

tt 

8k'K 

it 

s/frx 

ir 

. 4KK 

it x 

4 k k K K 

i» tr 

4 k* k* K K 
?r * 

4 k k' K K 

it n 

4kKK 

IT 1f 

4k KK 


= - * 4 * + “v - *9* + y9* - y 9' + " 9’ - «9- + f - ”q» + 

— 1 + 4q + 99 ’ + *9* + 8 9* + 4q' + 4q" + 8 9'° + ®9" + 99 " ■+■ 8q* 7 •+■ 4q'* -p . 

= * 9 +«/V+*/^9* + 8 /9 : ‘ + 8 1^9” +l l /V* +»V r 9 ;: + 8/^"- 

r 

= 1 — 4q ■+■ 4q’ ■+• 4q* — 8q' +4q’ — 4q» + 8q*" — 8q M -f 4q'» — 8q‘" + ♦ q*’ . , . 

= I — 4q’ + 4q*-)-4q* — 8q" + 4q‘» — 4q” + 8q w — 8q~ + 4q<’ . . . 

= 1 ■+• 8q + 84q’ + Mq' + 84q« + 48q« + 96q* + 64 q' + *4 q> + . . . 

= 16 q +64q’ -t-96q‘+ l*8q' + J08q‘+ I9*q» + i**q” 4-SS4q 1 > + .. 

= 1 — Bq + 84q' — S»q’+ 84q« — 48 q 1 +96q* _ 64q’ + 84q’ . . . 

= 4/7 — 16 /V + *4i/"q* — SS,/"^ -f. 5 — 48 |/ q 11 + 56v'"q7' _ . . 

= 1 _ 8q’ + 84 q* — 98q" + 84q* - 48 q>' + %q*’ — 6» ,,<• + 84 q» — 104 q- + . . . 

= */V+ 18 /V + 84/V+ + S*/q" + 48/q" + 5«v + . 


Quarum serierum lex et ratio quo melius perspiciatur, denotabimus eas signo sum 
matorio £ termino earum generali praefixo. Statuamus, p esse numerum imparem , (p) 

tummam factorum ipsius p. Tum fit: 


87) Ing k =log4V q — 4 E 

88) — logk‘ = 8 E-^ELqP 


IkL L 


Sq*P S S S 1 

2 — o'P — _ u *v «'«p _ . .1 

8 4 4 B 4 16 4 J 


89) loglS >4 j;i^.|q8_,*»-q*»-q'P-q«P_..J. 

Porro sit n numerus impar , cuius factores primi omnes formam 4 a -+- 1 habent , \l (u) nu- 
merus factorum ipsius n; I, m numeri omnes a 0 usi pie ad 00 : obtinemus: 

8K 8 1 (4m — 1)* n 

80) = 1 +4H(-(n)q 


O 


s 
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(4m — l)*n 

4L L 9 

Si) - -- -- = «1^1, 

TT 

* l ' K . (**» — l)*n‘ _ ,, , f 1 + l (4’m — l) 3 n 

SSj = 1 — 4 E 4<(n) q •+- 4 £ +(n)q 


SS) 


lVk'K , t(4m— 1)* i» - f , + *(4m — I) 1 n 

— = 1 — 4 X 4/{n) <{ + 4£ih'»)9 


Designante p rursus numerum imparem , <p (p) summam faetorum ipsius p : fit 


S4) 


4KK 


= 1 + 8 £ *(r)|q* + g,*r + Jl‘f -I- S,»r + S,'*V + . . } 


ILLrv 

35) — = 16 £ $(P) 4 P 


4k'l'KK 


3«) — — - = l+8£<fi(p){_<iI'+J,’V + S q <l> + 3q-l’-f S<|’*«>+.. j 


9 — 1 


37) 


38) 


39) 


4kk'KK 
* n 

4k’KK 


4kKK 


4E(-1) * »(p)/V 
= l-t-8£4>C P ){- V + Sqsp H-S^r + Sq^r + Sq^r + . .} 
= 4£»P(p)V^. 


Demonstremus formulam 27). Invenimus t) : 

lofjk = lo|4/^T— -±L + _ ll _ _±L_ + ... 

* « » I l + , T «, 14 .^ 3(l + q’) T 

• _ 

quod pouamus =3 log 4 -f 4 E A‘ x> q x - Sit x numerus impar p = m iu‘, e quovis 


ternuno — 


m(l + 9 m ) 

numerus par == 2 1 p — 2 'nim': e terminis 


, prodit — , untle constat , fore \' f ' = . lam sit x 


-q" 


provenit 


• (I + l") tmO+q**) T 4.n (! + ,♦">) ^ 8m(l+q'®) 


Sq» 


+ ■ • + 


*'m(l +,’''>■) 


q« / 1 1 t 11)3 

m I 1 * 4 8 »'-• + T r l “ * 

unde A' x ' = ,j UO< ] formulam propositam suppeditat. 
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Demonstremus formulam 30). Invenimus ♦): 


SK 


1 + 


At 


♦ q’ 


= 1 + 41 A”Oq* . 

‘1— <r 


l— <1 l— q’ 1— 1 ' 

Sit B 1 *' numerus factorum ipsius x, qui formam 4 in -+- 1 habent, C'" numerus factorum, 
ijui formam 4m+S habent, facile .plet, fore A'*'— B ,x ’ — C ,x> . Sit x = 2'nn', ita 
ut n sit numerus impar, cuius factores primi omnes formam 4m+l, n' numerus impar, 
cuius factores primi omnes formam 4m — 1 habent, facile probatur, nisi sit n' numerus 
quadratus, semper fore B" — = 0, ubi sero n' est numerus quadratus, fore B *‘ 

— C 1 " = B “' = xj. (n)’, formula 30) fluit. 

Postremo proflemus formulam 34). Invenimus 8); 


4KK 


= t + 


8q 


+ + M**»* 


1 — q • -■ J+q’ ■ t— q' ’ l+-q* 

Desiouante x numerum imparem, faede patet, fore A' XI = (x) ; ubi vero x numerus par 

— 2 'p, designante p numerum imparem, quoties m factor ipsius p, e terminis 


8* IA - 
1. 1 - 1 ” 


2mq n * 4mq 4 


8mq ,lyi 


2'mq’ m | 
1 i 
14-q 1 «" 1 


t-M* m i+«r ,n i+q Mn i+f 

prodit 8 «nq*{t — 2 — 4 — 8 — 2 1 " -4- 2'} = 24mq\ unde eo casu A'*' = S$(p), 

i»l quod formulam propositam suggerit. Reliquae similiter demonstrantur vel ex his de- 
duci possunt. 


Expressioues cos am 


IKi 


A am 


— - — , * t - ad dignitates ipsius x evo- 


, 1 /tK|' . t / tkK,' _ | /Hv' 

lutas , Coefficientem ipsius x' nanciscimur resp. j-( — j , r{~7~/ > T (~/ > 

unde c formulis §‘ antecedentis 21), 20), 24) prodire videmus sequentes: 


40) k 




1 /'q . */" s’ 

^ «V q' . 

, q’ j. t _ 

1 t+q i+8' 

T t+q* t+q’ 1 

/7(t+6q + qM 

V q’(l+6q'+q') . +6«q‘+ q**) i 

(t-q)’ 

a-q')‘ 

■ (t-qT 1 

( q 9q’ 

15 q' 

- 4945 + .. 1 - 

1 l+q 1 + q’ 

* l+q» 

l + q’ 1 1 

q(t— 6q’+q*) 

q*(t-6q*+q') ( q' (t — ® q* + q 11 ) \ 


O 2 
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«) 


V * ) l 1 + 4' T 1 + 4 ' 1 + 4' 1 + 4' 1 

ie f 4(1 + 4) 4’(l+4') -4M+V) ' ) 

l 0-4)' (1-4’)’ (1-4*)’ V| 

Ex his posito — q loco q obtinemus: 


kk'k'l 


i- *!— - 
! 1 1 — 4 

9/ 4 * 

1-4* 

• + 

*5y^4>. 

1 — 4* 

**• 

49 V 4’ 

1-4* 

k'k'l 

1 2K 

)*= i 4 ) 1 _ 

9,- 

• -i- 

»4* 

4 ? 4' 

i * i 

/ 1*1-4 

1-4’ 


4 — q* 

1-4’ 

k'kk{ 

f* K 

1 ’= 16/ ’ . 

*4’ 

+ 

9q' 

164 ' 

1 - , 

1 6 ll + 4’ 

1^-4* 

1 + 4" 

1+4’ 


V: ’• , 

Formulis 42), 44) additis, obtinemur ; 40) et 48), 4 1) et 46) subductis obtinemus 
^ 8llK J , | j , e quibus posito resp. /"q, q 7 loco q prodit (~^— — — )> j — — — j; e 

y , f k k. j posito — q loco q obtinetur ■ 

i 

Sub finem, posito k = sin ■& , evolvamus ipsum $ =s\rc. siu k . Vidimus, po- 
sito V q loco q abire k' in ■ ; ponamus rursus — q loco q , abit k in sive iu 

i . tang ita ut posito i loco q, expressio ~ ^°f 11 mutetur in 

/ 

1 . / 1 — i Un* 5 \ 

tT te *( 1 + i Ung 9 ) = ‘ 


Hinc e formula 2) 
— log k' ss 

eruimus : 

46) 3 = Arc sio k 


«4 


® 4* 


*4’ 


1-4’ + 9(1-4*) ’ 5(1-4”) ’ 7(1-4’*) 




«q 1 


4/V 

1 + 4 


4/4* 


*V~i' 

7(1 + 4’) 


9(1 + 4’) 5(l + 4 ‘) 

quae in hanc facile transformatur: 

47) = Arc tg 4 — Arc I* + Arc 1 « /V — Arc Ig 4’ + • • • • 

quae inter formulas elega ntissimas censeri debet. 
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41 . 


Aequationem supru exhibitam: 
tkK . 


» • . 


2Ki 4 v q «in ■ 4 v q’iinS* 4y q**in5* *• 

-m — . — «s ■ -f. — 1—2 — - -f- T , 1 — - 4- • 

.ir n 1 — <j 1 — q* 0 * ' 1 — q* 

in se ipsam ducamus. Loco 2 sin m x sin n x ubique substituto cos (m — n)x — cos 
(m-t-n)x, factum induit formam: , . 


. trH* 

Invenitur: 


SK< 


A 4* A' coi 2* 4* A"co» 4i 4* A"'co*6* 4" • 


8 «i » . 

i* . * 


0-q) 


(t-q’>* a-q*>’ 

Porro fit : « . 

* * * • «. 

A‘ n > = 16B'“> — 80“' = 8{2B<”» — C'"'}. 
siquidem ponitur: 


»q» , . 

— a»»* ' ' 


* . •* t 


B«nt 

qB+» 


q« + » 

q *»♦* 

-t- cet. in ini. 





(i— q‘)(t— q"'*') 

(f-q»)(t-q* n+5 ) 



o n * 

q° 

i 

t* , 

q» 

q" 

i _l_ * . 

• 



T 

Cl ^|*) (1 — «t*" - ’) ” 

a-^Jd-q**-' ■) 

+ ' ^ (l_q>»-)<l-q) 


p 

cum 

sit: 


fr 

* 





qn+m 


q“ f q m 

q* n +m 'j 

' 




(!_,■") (t— q*»*») 


1 — q’ “ t 1 — 

i _ q» " ♦ m f ’ 





fit B ■" = 


q" 

f s 

+ ’’ t 

q* 

- -t- i 

l-q’° 

i l-q 

+ *— q 1 + 

I-q‘ 


q” 

1 q’" + ‘ 

«»*»♦* 

i 1 4- 

q*«* ♦» 


1— q 1 " 

| I — q’»*' 

T 1— q’» + > T 1 

— q*“ + * 

+ ..j. 

blatis 

qui se destruunt , terminis : 

* 


gnn s 

- !■ 

q + t' , 

4. 


i-q ,n t 

t-q 1 »-q’ 

* + 1 
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[’orro fit : 


+ ,) 

(| q“) (1 «j*“ — »") 1 — q’“ ll — q' n ' 1— q 11 ’-"' )’ 


q _ I i"' + q' 


uude 


nq» Sq n I q q> 

C"" = ■ ' h ! ! +• — i — 

1— q’* V— q’" ) t — q 1 — q’ 


q’— 1 t 
1-q 1 — * f 


Hinc tandem prodit : 


A"» = 8 {* «“■ — (>“•} = 1 ^"?I • 


uude iam: 


/2kfC\ v . , tKi f qcosSx 2q’c»s4* 3q'co-*6' i 

; t ir / «r { 1— q’ ^ 1-q* t-q" T I 

Simili modo vel ex l) invenitur: 

t a eo» 9 * 9(t , rn<4i SairoiiiT 

\ ff / ir l * — 4 i. — «|* * — 1|- 

iiquidem : 


/JkKi’ , *Ka 

1 ani' s m 

.= 11 + 8*. 

q cos 2x 

2 q’ C0> 4 * 

1 — I tVJ» 4H1 ~ — 

\ * / * 

1-q’ 

+ i-q* 

, ^ «I 't + 


q' 

+ ”) 

A 8 '<t-q)' + 

(i-qV + 

(1 -V>’ 

It fl ^ ^ _i_ 

1’ 1 

«l* 

-4- „1 


0+q'i’ 

{i+q‘>* 

+ - f 


F. nolo Calculi Integrofis theoremate fit, (|uotie!i 

(p%. ■es A -f- A' cos t * +• A*' cos 4*4" A'" cos 6 1 -f> • • » 

terminus primus seu constatis: 

T 

a = — C ® («j . a « , 

0 

unde nanciscimur hoc loco: 

tr 

t /t kK\* /"* . tKt , 

a = t( • J ‘ 


8 it kR«’ /* . tKx 

B = I | j cos* sm — . «J » . 
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Ponamua cuin Cl. Legendre 

. e' 


ent : 


SK 2 K *K 2 E* 


h _ m! _ /_*£*. V' 

n • ir \ w / 1 


Hinc etiam , cum mutato q in — q , abeat A iu — B , K in k' K , sequitur simul abire 


E i . «a 

ui — r. 


Ad notemus adhuc e formula l) sequi: 

_ , 6 f <t(t+«t + l’) , l‘(t+«q‘ + «l‘) . <|‘(l-t-«q > q-q' t ) ) 

t (t-q)' (1-qV (i — q’)* T "/' 

unde etiam mutato q in — q : 

*_ , 6 1 q(t— ♦q-fq') q'(i— «q^+q-) j. q*(i — 4 q‘+q") | 


(t-q r 


I (1+qT* ' U+qT 

Subtracta ibriuula 4) a S), prodit: 

.. /*kK^ q* *>q* »‘q* . 4-q’ , ) 

5) (— ) - iS6 (-w + IZ^T + T^TT + 

«s ( q’(i+4q’-t-g-) q*(l-Mq*+q"? g-d+iq-g-,*) 

“ \ (l-q*)* (t— q*)* (>— q'*)* 

quem etiam e S), mutato q in q', obtines. 
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42 . 


Methodo simili atque formula l) inventa est, in expressionem 




*K. 


in seriem evolvendam inquirere possemas, siquidem formula lji) §. 39 in se ipsam du- 
catur. Id quod tamen factius ex ipsa l) absolvitur consideratione sequente. 

♦ C 


Ktenim formula : 


d . log &inam 


d* 


2K* f . .. . ,,, , f SKi , 2Ki 

1/ t— (l+kk)»m'am — . — -f- k k .,«* jm 

ir f rr ir 

w 2 K i 


iterum differentiata, factis reductionibus, obtinemus: 
_ , • iK ' 

• • f-W™— / * k ^ f sk < 


«K. I 


lam vero invenimus §. 39, 6); 

!Ki . /tV <t \ . . , -|qco«ti . q’coi*« <j>u» 6 i 

. + + * (-r+r + + jcThF) 


t 


unde : 


Ui 


d* log sin ain - 

T? 

Porro est §. 4t , l): 


1 i qeostx 2q 9 coa4x 9q l cos6s j 

•in 1 ! I l+fl l+fj’ 1 + q* ! 


/ 2 k K V* . _ t K* 

I— * m “ = 


2K 2K 2K 2 E qcos2x 2q*cos4x 

ir tf ir ir ) 1 — q’ 1 — q* 


S q J co»6 x j 

t-q* + ' T 
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unde cum e formula l) «it: 


a ~ = (— ) ** d?" 


2K i 


provenit, quod quaerimus: 

( i*Y 


,JzL 

. . *KTt 


*K *K SK 

2K 1 

1 B (<j’cOllt f -2q*CO»4x k 3 q* Cu»6 * 

, \ 


ir v ir 

sr 

+ lia* i t 1 — V ' X— *■ x_q« 

+ r 


Mutatis simul 

q ip 

— q et x in -j- — x , Unde K in k' K , 

E' in 4- §. 41 

iK. . 

im ______ in f>nu sani 

XKi 

nliit, e 2) prodit : 

- 


Illi “““ III l-U.i Olli 
1f 

tr 




S) 




V i 


'TkT 


co* an* • 

/2k'K \* 2K *E* 1 I q*co*2x 2q«co*4s 9q"co>6x I 

I— j - — •~T- + '-^ + 8 i7^ : v r^F + - _y - ~ 

His iidiungo, quae facile e §.41. l) sequuntur, basce: 

/XK\’ * K * *K 2E 1 f fjcajfi 2>|'ca>4t Sq*coi6^ I 

♦) — + -- q. +•■} 

* *r / 2K 2E 1 | q co» 2 * 2q'roa4x 3q'co*6x j 

) fK* ^ * ’ ir 1 — q’ 1 — q* ^ TT^ **/ * 

A* im 

rr 

« • 

quarum 5) e 4) sequitur, mutato x in — x seu q iu — q. 

1‘osito y = sin am -ii-L , /(i — j-y)(l — k’yy) = H, fi*: 
d T * K. 


i 


-.R 
> *K \* 


r’) 
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J 1 v / 

«= ) ( J + mi + k* - soi*(i + kVy’ + 

= / — I |i + 14 H + k* - cok’(i + k’)) + isok*,«Jn 
ce». , . * . 


ce». 


unde 


y ss »m ani 

ideoque: 


*> 

St K i __ tKx (1-f k>) / 8Kf * | + Uk’ + k« / tki f 

ir 7f St. 3 ( « / 1.9-.-!. 5 \ n ) 


1 * . ** V* Jr-kk + k* / 1$ k* 

«K. II + ( S /\ »7 + 15 ( try* +•■■■ 


qua formula comparata cum 2), eruitur: * 

/ l + kk \/IK \* 1 /SK \* 2K 

HHb- ) = t + (—)- — 


iT ( 1 - q* 


_i!C_ + J4L. + . J. 

!_<]• 1 — q" J 


sive: 


. , • *• l + (— V?»-kk) _ — .2L- 

6) —i_ + + _iiL + 4, » > . + . . i= L" ' ”• 

' 1-q' T 1 — q* ^ 1 — q" ^ 1-q* 7 


*.9.4 


Porro fit: * 

/Uk’+1*U1K|<_ 1 
l 15 H « / I*' 

sive cum sit 15 = 2.2’ — 1 : 


— ts 


.1 q' 

, 4 . 

2‘q* 


S'q‘ 

.1 

4>q' 

L 

'1 1-q* 

T 

1-q* 

. 

T 

l_q* 

T 

1-q* + 

.T 

• 








f **q’ 

+ 

4* q 4 


61 q* 

» 

+ 


1 

) 1 — q’ 

1— q 4 

T 

l-q* 

1-q* + - 

f 

1 ^ 

+ 

* l V 

4. 

S’q* 

4. 

4'q- 

.1. 

i 

1 1 — q’ 

1 -q' 

i 

1-q* 


1-q* + ’ 


De hac formula detrahatur sequens § 41. s) : 

k’(iiy= .6/-^ + + . .i 

1 */ I 1-q* 1-q* T 1 — q" T I-q" T 
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fit residuum : 
7) / 


i 16 1 *» 

j ?;v + 

»‘i* t «•,« 


( 1—4 

l-V + 

1' — q’ 1 — q* 

T '1 

> 


► - * 

m 

in — (j : 


* .> 

• *■ 


i i i/? * i 

*V , 

S-,- *‘q' 

-4- 

■1 1 + 1 


1+1’ l-q« 

T i 


invenimus 


quae difficiliores indagatu erant formulae. Quas si iis iungis, quas supra ii 

... . jk. *IK . ... . , 

iam (juntuor primas dignitates ipsorum • ~ ~ n — ~ — * n series salis concinnas evolutas 

habes. i « • ■ 


FORMULAE GENERALES TRO FUNCTIONI RUS 

v 




l* 


jK, 

i 

•.vi” 


t 

J . 


IN SF.RJES EVOLVENDIS, SECUNDUM SINU^ VF.I. COSINUS 
MULTIPLORUM IPSIUS x PROGREDIENTES. 


43 . , 


Inventis evolutiouibut functionum: 


IKi . , , JKi 

$in »m , >hi *m 

rr * * \ 


akx 




iam quaestio se offert ile evolutionibus alliorum dignitatum ipsius 

SKs t 


2K* 


peragendis. Facilis quidem in Trigonometria Analytica via constat, qua, evolutione in- 
venta ipsorum sinx, cos x , progredi possis ad evolutionem expressionum sin" x, cos”x; 
nimirum id succedit formularum'’ notarum ope, quibus siu”x, cos"x per sinus vel cosi- 
nus multiplorum ipsius x lineariter exhibentur. At in theoria Functionum Elliptica 

P 2 
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rum illud deficit sulisidium ; ad aliud confugiendum erit , ijuod iu sequeutilius ex- 
ponemus. • 

Formula, quae ex clementis putet: 


d sin" a 


d u 


= rnia^jm u yf* i — (1 +k k) sin' am u + k k sia 1 ani u , 


iterum differentiata } prodit : 


d* sin 11 am u 

dP 


n (n — i) *in n ” imu — n n (l + k.*) sio n amu •(•o (a + 1) «i» 04 * am u . 


Posito successive u = 1 , S, 5, 7 . . , n = 2 , 4, 6, 8.., hinc duplex formetur 
aequationum series: 


d 9 siu ani u 

TZ* 

d* iin' ani u 
du 3 

d 9 «in 1 am u 

dS 


1. 

' — — (1 + k'jjin am u 4* 2k 7 *in'ainu 

= 6 aio am u — 9(1 + k 7 ) *m J ani o + 12 k 1 sintam u 

f , * * ' 

■ = 20*io*amu — 25(1+ k*)*in'am u + 80 k* sio 1 am u 


d 1 sia 1 arn u . . 

= wMo‘*mu — 49(1 + k 3 ) sin 1 am u + 56k 9 sm"aniu 


du 9 


cet. 


cet. 


d 3 sin 3 am u 

35 

d* sin 4 am u 

di? 

d 1 sin* a mu 

d5 

d* sin* am u 
d u 1 


11 . 

• — 2 — 4(l + k*) sin’ aro u + 6 k 7 »in*ain u 

> — 12 sio 1 am u — 16(1 + k , )stn 4 am u + K k : *iu 4 am u 

= S0sin 4 amu — 36 fl +k*J sin* 1 am u + 42 k* sin* ani u 

= 56sin*amu — 64 (1+ k 9 ) sia* am u + 72k , ain ln am u 

cet. cet. 


Digitized by Google 



117 


Ex aequationibus 1. eruis successive, posito n n — - 1.2 3 . • u: 

1. ,a. - ... 

d’ . «ia ani u 


II 1 . k 5 sin’ ini u * ■ 


II 4 . k 4 i'iD l tni u = 


116 . k fc aio’ am u — 


du’ 

d 4 . liniiuu 

du 4 

d 4 . sin am u 
d u* 


4 - (t-j-k*)>inam u 

d* .sinam u 


+ 10 {l + k’). 


du 

S 6 (l + k-) i"--"--— ■ 


■ rf- 3 (S 4~ 2 k' 4-4 1* 4 } sinain u 


du 4 


d 2 . sin ani u 

+ 7(*7 + S8k’ + S7k‘) ^r— 

+ 45(S+Sk , + Sk*+5k*)iinantu 

d* sin am ii d* . sili ani u . d 4 . linant u 

118 . k"sin 4 aniu = - - — -■ ■* + 84 (1 4" It*) ——7 — 4" 44(474»88k*-^47k*) 


du 4 


4 - 4(3K94-83l5k , 4.S3l5Ji 4 4-5329k*). 


d u 4 

d* ■ sin arn u 


du’ 

4- 31^(35 4 - 80 k*4- 18 k 4 4- » k 4 4 - 35 k s in ani u 

cet. cet. 


11. a. 

II 3 . k* sin 4 am u = \ — ■+■♦( 14 ’ k*} sin* inj n — 2 


115 . k 4 sin 4 anu = 
n 7 . k“ sin* soni =5 


du' 
d 4 . sin* Itn u 


dd 4 

d* . sin* am u 


^ - + «(t-fk») + 8(8 + 7k* + 8k»).ia*xn.i - Jlil + k’, 


d u* 


4- 56(1 4-k*) 


•du* 

d*. im , imu 


+ ni{7 + 8 k’ + 7k») 


d’.»i 


.111 .Kll 11 


du* ' ' ' * ' d u’ 

+ 118(18-$- 15 k 1 q-15k*-f- lflk") .in J .ni u — 48 (*4 + 5* k’ + **k«) 

cel. * cet. 


Ita videmus, generaliter poni posse: 


i) n t n . k’ “ .in’ “ ♦ 1 un u = 
d* 11 . sin am u 


u > d* 0—, .*inanwi <ti d*"-* .sin feni u 

• A n 


’ "• du " 1 
8 ) ri(*n — S) . k'* _, .in' n »oio = 

<P" _, .»n*»inu „ d ,B-, ..in’»™u 

4* l» 

n 


du’”-‘ 


' A, .in sut u 


du’""’ 


du’"-« 


..in d’ , "“*.sin , »mu „>•-■) . , . „.») 

“n Jm .,VT 7— +••+»„ «»’*"* u + K„ 


«lesiguantibus A;," 1 ’, B n m ' functiones ipsius kk integras rationales m“ ordinis, excepta B"", 
quae est (n — 2)‘‘. Porro e formula , unde profecti sumus , generali : 


d* sin am u 


= n(n — f)san n- *amu — un( 14 “k , )sin n am u 4 " *(u 4 “^)k*«li ,, 2 * an»u 
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palet , (ore : 

4} A'®' = A™ 1 , + (* n -4’(l + k’)A^l-'' - C2n_f)\-2n_lj(*n_3}k’A^-;” 

5) B™' = - (*«-8j’C*n-*)(*n-4A’B;*-' , 1 

quiLus in formulis, quoties m > n , poni deliet = 0, BJ, m ' =t= 0» 

% *■ 

% 

* » s. 

Mutato u ia u -4-v.iK' cum siii am u abeat 'in ~ ktift<|jTM) » in formulis propositis loco 
sin anxu poni poterit k T > unc ^ c l )rovei, * UDt sequentes: 

l 


ns 


sin’am u 


du : 

*1 


— + • o-fcw-ns 




ns 


sintam u 

sin 4 am u 


du' 


d 4 . 

1 * 

ri4 

sin am u 

sin*ani u 

d 4 . 

d u* 

• 

! 

nb 

sin 2 ain u 

sin" am u 


d u" 


+ id+k*).— 


wn am u 


d’. 


+ I0(l + k’). 


Sf3-j-2V + Sl>) 


d*. 


1 


cet. 


du' 

cet. - , 


tinam u 

r 


sm am u 


ac generaliter : 


n 2 n 


sia J,, ' r ' sm u 




d ,n .- 




du’“ 


+ K 


du'“-’ 


n «n — i) 

sin’ "am u 


d 1 n- '*. 


d 1 n ~* . - 


du’"-* 


- + 


du"*-' 


d*"-». : — 

unam u 

“ dn*"“ 4 


sin am u 


B” 


d u ,n - 


+ •• + 


d '«r 1 ..». 1 

sin* am u 


■ • **-f- — r-r- 


k* B n 
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44 . 


Quum inventum sit antecedentibus , siquidem pouilur u — ■ - 4 expressiones 


* K< . 


iin" »tn — 


2X» 


per liasce: 


*K« . IX > 

»m ani - - ■ , un ai if 


*K« '* , *Ks 

aio im — : *in am . — • 


earumque (liffereiitialia^ secundum argumentum u seu x sumta, lineariter exprimi posse, 
tam ex harum evolutionibus, secundum sinus vel cosinus multiplorum ipsius x progre- 
dientibus, illarum spoute dcitinnant. 


Ita nanciscimur: 


e toruiula: 


sequentes : 


IhJL = «/ + /*'**•' + + 

I f-q “ 1-q’ T 1-q' 

/tkKi* JK. 

*(— r nim — = 




•(<■+«( ")'-«■! •' 
t.S.S^Wn.aoillL . 

4 Js(s+n’ + sk*)[iii)* _ to (t + k*, (~)’+ i } + 
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4 ) , 5(S + ik' + Sk*)^i^.j*_SM0(I + l’)^-^-j’+ S»} + 

4 {sp+*tf+SV)(i^-jV 5 .., 0 (, + k *)(a.)’.+ **j + 



cet. 

cel. ; , 



II. 

e formula : 


/ S>K 

t* , , *K, • 

-1 imam— = 


V * 

/ * 

1K SK 

tK IK 1 

A | 2 q cos 2* t 4 q* coi 4* 

it * 

sequente»: 

ir ir 

+ i— «i* 


*.S 


SkK \* , tKi 

nn* *m — — 


m* 


— «{6.4(14- k*) 


q ' cos 6 * 
q" 


2 . 3 




— 4 


- 4 


— 4 


- «««w^r 

*. 8{B + 7k' + 8k«)(— j‘_ * , :S0(l-fk’)(-— j' + -S? 1 -** 

4. 8(8 + 7k> + 8k*)^lLy_ 4*.*O(l + k0(il) , + 4*| -SV^*.. 

6 . 8(8 + 7k’ + 8k*)^-i|i|*- 6*.*0( 1 + k*)(iLy + 6*1 ,. 1| |^.‘?* . . 


cet. 


cet. 
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IV. 


t formula: 




dn’ Mir 


iK. 'r 


*K 

f— - 

,i£.l 

• 7T 

i , r 1 */:*2’“* i * 

4^*)* co*4« 

« 1 

l * 

» J 

#»n** t ^ 

+ 1 ‘i-v 


6q*co»6* i 

■* h -T 




■>etjuentes : 


* . 3 


er 


iin* a m 


*u 




e»»" 

d«* 








v 


• {•■•»+.« (W--; 


„ 2K« 

sin" api — ■ - 
• • a n 


.<.+r fc *+n,(SLJ(i r - ij-) - 

»■»’« lir/ d »* T d>- 

- ♦ ■{*. 8(8+7k’+8k«)(i^-)‘_ r.ari+k*)^ — j’ + *‘J s j“*V. 
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- « Aa» *8+f K*-hSk fT-f-'* . f -Mi* 

T - . • • v " / » # . i M A. ‘ '1, l~^q 4 

- 4*6 . 8(8,f7l'+8l*)^5Lj*_ r.lQ0 + k’42?Lj'.+ 6 4 • < l‘^». ‘ 


I «J-q" 


aet. 


.tfel. 


- . 4& 


# { r ^ 

Exempla antecedentibus proposita docent , quomodo e format» -2)* 3), 6), 7) §. 45 
evolutione» functionum sin“am-^-, jl,— inveniantur. • Quantitate» A 1 "’. B ““ 

tf , ilit' ■ • B » 11 ) 


a quibo* illae pendent, ope fonnulatimi 4), 5) iliid. .successive eruere licet. At ex pren- 
siones earum generales indagandi quaestio, cum iltmis diae complicatae evadant, quam 
ut eas per inductionem assequi liceat , paullo altius est .repetenda Quem in finem se- 
quentia antemittimus. 4 • * 

Nota est formula elementaris: 


. /t> 


_ , , ; . - 5 *in a m v . cot am u .1 a riT u 

l4m ( u + »H *« » m (“ — *) = — r?~- — r-z 

. ■ 1 — ■ mi' *m u «wi ani v 


qua integrata secundum u, prodit : 

u . ’ • * ' . 

l)*/*y/riiita«<a+.)-««wC«_v)l - r+\.i nJ maj nJ mT , 

%/ * ‘ * ' / • • « \ i — Irtio itn u sin ani v 7 

0 • . .. 

. ♦ r- « 

, • . • • , * , * • * • . - * 

E theoremate Tayloriano fit: 


tin^m (n*+>irX — *in a*»(u — v) = 


{ d . sinam u , . 

— 71 — ’ + 


d’ . *tn arri u 
d U 1 


d* . Mum u v» 


ns . 1 , ■ du» 


n 5 


-4 


unde : s 


du jsipam (u-f-v) — tinatn(u — *jj = 


2 ! sin tm u . v ■+■ ■ ■ » 

t l atr 


d*. tintina 4 d*. tintina v* ^ J 


ns 


d-# 4 


05 * f 

Q 2 
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Facile enim constat , • posjo n =.0,'et siuYmin-et generaliter - «vaoefccer*. 

aequatio i), etiam aliertteiu* prie evoluta , iu haitc abii :*, ‘ * 


Hibc 


2) «in afn u . V -f- - 


"dViSoaniii « y x 

1iT~ 


dVsinamu v* 


d*» 1 

k* 


du* II* 

k* 


«in #iji n sin am ▼ . «in f im uVm’ an» v + — - *»n' am u «ia* am v -f- 

3 5 


Porro 'notis: 


2 siit amo ;«n an» v Aam v 


... ( i+ -*> - _ , ' . . . 

# - . ens^am u Aain u •' •; • ’ j* 


in se (luctis, obtiitegnis : , 

«>.>•.*. w,) = • ;■* \ 

4 abi am u e w»%il iiftjjftih u .Jjre ah» V £n gl * * ^ *' 

d . rin^itFM « d . ni^ agi » 

J I k* «in’ am u «n* im t^dudv • 

• " .*.** 

Integratione facta secqmluiq V, provenit; 


* 

rl v jiid’ «m (a *(- V) — «n’ »m<<ii — vjJ ~ 


2 sin *n» u co« am u A «*m u . «n* am i 


c m i-. •• « 

&in 9 ~4tn v . d . «n’ aiu n. 


1 — k mq’ ain u sin’ ain v 


(I — k* sin’ am u sin’ ain.s) du 


(,)ua denuo integrata secundum alterum elementum u , obtineam : 

, „ a v 

4 ) J d u J v |ain’ am (u*f- v) sin' 9(9 {« — v)j = r ' 

0 0 “ . » # *.• 


— — — log (1 — k 1 «io* am u «u»* am v). 

K theoremate Tajloriana fit : - * * 

«n* am (u -f* v) — «n* am {u — %■) = 

^ j d. sin 1 ama k d'.»in**mu a* t d*. *fa*am u v* 4 } 

JZ T du* “ns” + SZ^ n& 
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„f d.>ia*amii y' • . i' ■ W *»• “ v* d*.iin*amu y> 

*l Ju . * n* + ■ d«> V n4 ' 


d u* 


n6 ' ) 


u ? 


J' f]i J ' d v jnu’ an) iin*4nl (u — rjj = 

0 0 - * 

.. . v’ . d*.«m*amii 'y* d* . aiit* am u •»* . • | 

* | .»*.n.d.- Rr + — j-s ,irr-+ ‘«'ii- ’• n6 

4 ^ * * 

• * • • • * 

• ' • *• 'n * < J ... \ 


• • 

• t* 


■■ t 1 II 1 *' T 4- IT 1 ** * ■ + i V 

* *r . a* + -as t ; / 


* , d ; ^, sio* Sili u * 

siyuideni pef.charactenpii U"“"' yatorem eXpressionw- t- — — - denotamus , quem 
tiuet-posito u = 0 . jfinc aequatio t ) , etiam altera eius [larte evoluta , iu hauc aliit : 

d*. ain 9 am u . v* d».»in* amu v* 


ol>- 


5) ain* -ni ia . 


n*. 


do* 


n* 


To* n6 




_L . u fin r »in j + -L . aio* ainjijm* ■» + j ani u aio* >»<+■ 


His rite" praeparatis, ponatur: 

u ns ain am u + B, ain’ itu u +' H, ain* am u -p R,*a(m a» n -t 

ac generaliter; 

u a _ f.in «n u + R. aio* am u + R, aio* am u + -B , a' 1 " 1 aro u + . . .j P = 

, *d . ’ ' . . 

aio" an. u +«'’" «o"* ! ant « + «» « + R, -«"** 

* ‘ . I * " * 

porro e reversione seriei : 

« =. aio »m u + R, aio' am u + R. ain* am u + R, »io’ » “ + ■ • • 

* * , 4. . , V -4. • 1 

oriatur haec: 

ain am o =* a + S|«’ + S, »• + S, ■* + • ■ « 
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ac sit rursus: 


»m u ani u 


{» + S, a' + S. u> + S, a’ + . .}* *» 
u" + Sj n, u n + * + S^Tu"** + + ... 


•» ' *. 


V • 


lam ex aequatione *): * ' • ’ 1 • 

<j*.|inamu v« , • d* ,pn am u t» * 

•in amu.» -f* — ■* •> , *.* JL , . . ~ ■ . _ 

au* ■ ns ^ du* 05 . ~ > - * \ 

k* . I* - . .. i •* 

un am a «in im v 4- «n‘ atn u *in* amr + — . ain* tm ani * 4. ’ • . • 

5 * . , ‘ * 5«* T * . . • , 4 » # 

' • 7 ' >v , , 

evolutis v, v‘, t‘, cet. in series secundum dignitates ipsius sinam v progredientes, in 
utraque aequationis parte Coefficieaiilms eiusdem dignitatis sin’"* 1 aiu v inter je «com- 
paratis, proveuit : 


6) 


.> . 

to + 1 . 


• ‘ • 


. . ■<!< d*.iin»«,u , f.wimi t . .• <t ,,, .»B* 

R » + R ..--n3~d^~ + K — ' ns.**. * • • + gc t T +ijd*’ 

Kodem modo e fornmla 6) proveoil: 

. k‘ n - - *in ,,, »nvu *' 


,* nn »m u < 4 » 

R ~ ... ^ + R n -t 


u-i nt 


2o 

d* .jio* amu 
'n4. du ,m 


C i*1 «t#l 


ls.4 S.6 + 7.8 + '■ + ,)l 

K 6), 7) mutato u in u-t-iK’ sequitor: 

I ‘ * .. t 


j R i«i • <t* . il«u’ »» u j t d! u ’ ain* am u 

OlS. tluS + ‘ T "ri»~n. du’®-’ 1 

■ 


d*.. 


d*.— a- 


+ R'” - 

i a — , 


ns . du* 


. .<» »a»irfk, 

+ ”.--„ 1 : 77 - + ' + 


d ,H . « 


♦> Fil toiin e notatione propoiila: «in* »mu = u’ f S^u’ + S 1 ^' g 4 + S*” *• -f- . . , unda cum ut U <m> 

d ,,n *in , am« , . *. * 

at - .. pro ralorc a = 0, U'®' = II tm . S 

du ,m m-i 
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• R* 3 * 

» n~i ^ 

Ilt.ainaniu 


. R*’ d*..__L 

»■’ * ma’ afn u. n * * • jir' an 


+ •• + 


$<U S"' 


k *U.4. + 5.7 + ^ . 

, * * * . « a » • I 

Ouac swut formulae, qujs ynateirinius, geuefaies, (juarum- ope mu" aui u , ■ „ ' 

*■ 1 ' * * * 1 . * ,n >mU 
e sin ain u . siiAam u . ■ < ■ . -% - ,* *eo>umiim; fKIFerentialibus inveniuntur. 

* +; ■ \ * "& * ^ • • . 

Allnotaiio hac occasioni, ubi vice rgraS sin am v, sin’ amv, sin’ ani v, cet. se- 
rim <luip dignitates ipsius pt evolvis,, e formulis 2), %) erui; 

1 ^ • . 4 ■ '9 . - ■ • 1« » I I i 

* •* jr* k ai»imu . 

5' ,r $io.vn **■.+ -=- Sa' 1 iiB , «H u -4» — Sj** *in fc am u + . . -f -■■ ain* 11 ♦ 1 »m u 
*' 3 n— » • 5 1,-1 t 8 n 4 “ 1 

. . ^ g'>» 

d*“ . *in s »m B n— i 

n) Il(in+Z)<U’ n (ln + l)(Jh»+«) - 

-L ' mb* im u 4- i- % «io* an» u + *^r f «in* im « + . . + **»* u 4 * * m 11 • 

Pauca adhuc de kiventiotic ipsBtutn R^’ , S’" ' adiieiendu sunt. Posito sin ant u = y, 
fit e definitione proposita: - ... 


«/ „*l = T + R.V + R. 

*$ f fl — 7*)(* — ^T*) 


y‘ + R .y’ + • •• 


- ' u '—r— = t + SR,,' + 5R,jr- + 7R, v* + . ; 

V (1-yW-k’r*) 


,, _ i±il 5R = id + _L -L u . + i£ k . 

7R,,l^lL + il.± k ' + -L.±i.k. + i±lkI ~ 

’ 1.4.6 1.4 1 1 1.4 1.4.6 

9R _ 1S - 5 7 , I S !i _L k . 4. 1 ± l±k'+ _L llii. + Ii±l k . 
9R * 1.4. 6. 8 + 1.4.6 ' 1 * + 1.4 ' 1.4 * * 1 ' 1.4.6 k + 1.4. 6. 8 


Digitized by Google 


12* 



* 

* . 

r „ 


1 -T- 9k ' k ' + i4 Sk ' , -4rrf k '** . * : 

‘ - T • * k k ' + TT- “ TTT 4t ’ + TTXF kt * 

cet. cet. 

_ . te 




e 




■. Vk’ * .* 

•* k ’ k ' + TT' k ' 

1.8 1 . 5.5 

" 5k ‘ k ' , + Ti* l ’ k ‘ + T4^ k * 

+£.*» + 444-u^. + ii±ik* 

cet. cet. 
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Ex his quatuor quantitates R m exprimendi modis, modus secundus repraesentationem earum 
satis memorabilem et concinnam suppeditat, siquidem iutrodncitur quantitas: 


st 


Ita e. g. fit 


is it, 

k* 

1 . 8. .11 
l.* d 


1.3. 5. 7. 9 




1.8. 5. 7 


1.8,5 


1 . 8 . 3 . 4.8 ' ‘ 1 . 8 . 8. 4 8 . 4.6 ' 

qua expressione sex vicibus secundum r integratis, obtinemus: 

.. /• 6 R.dr* ‘ 

lS J - ~ ’ 

r** r u r* r» , 

8.4...1* 8.4.6.8.10.* • + ^S.4.6.8.8.4 — 8. 4. 6.*. 4. 6 + Cf * — c ** + C". 

designantibus C', CT, C"' Constantes Arbitrarias^ Quibus conunode determinatis, prodit: 


is rw. = jgz 

j k* *•. 


-i r 


ri6 


unde viciasim : 


18 H, = 


k*d‘ (r r — 1J* 

*• , 116 . dr* 1 


eodemque modo obtinetur generaliter : 

k**'d“‘(rr— l/" ; • • 

11 ) ■ 

Conferatur Conimeutatiuncula ( Cralle Inurnal V. //. p. 2gS) inscripta: 

„ Ueber eine lieso tulere Gattung algebraischer Fuuctionen, die aus der Ent- 

l 

„wicklung der Function (t — 2xz-t-*’) * entstebn. " 


Inventis quantitatibus R m , per Algorithmos notos pervenitur ad eruendas quantitates R^’, 
S"’ eas, ut sit: 

|i + r,» + R..- + R,»» + ..}• = i +r;"* + r;- .■ + r; ,,, « i + ... 

R 
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porro ubi ponitur: 

y = .jl + H,. + R, 

fiat: 



.» = ,»{ 

1 + S"“ 

* a 

y + S + s; B1 

y' + • •}» 



t|uae 

cum definitione 

quantitatum 

S’"' supra proposita 

conveniunt. Fit autem. 

posito 

'• ■ 


. 



t 


«>(.) = 

= t + R. 

• + R a *’ + R|»‘ ■ 

f.... 



e theorematis a 

Cii. Alaclaurin et Lagrange inventis : 




K" 1 ' = 
m 







n m . d * ,n 





s 

gtn» 


tm+nt 





m 

m -f- u 11 m . d 

»•« ’ 



siquidem transactis different lationibus ponitur x 

— 0. 






46. 




Formularum 6), 

, 7), 8), 9), $. 

44 beneficio nanciscimur evolutiones generales: 




/ ut v**' iK * 





0 

i „ 1 

* 





ln + 1 



* , 

«{Cl 

f ik .*» 

R"' 

n— i 

_/»r + _ 

R*’ . 

n— 4 / 

2K \*»-s 

(—1)" | vGfjim 

rr) ~ 

ns 

i * ) + 

ns \ 

* / 

IIC2H-1)/ 1-q + 


t ,k 

SMV" 

n— 


n — * / 


( — 1)" S’ n 1 v'^dn3« 

hrJ ~ 

ns 

rrJ + 

ns \ 

» ; ■ ■ + 

nt*o+l)/ !-<|> + 

♦ Jr“' 

1 1 K X 1 " 

5* R n ' 

n— 

_ 

5‘R'“ . 

n— a / 

ilV”"’- + 

(_ 1J”5*® ) V 

) ~ 

IIS 

\ « ) + 

ns \ 

- / • + 

n(*n+l)t l-q> + 




1 , ^ . 

/ 2kK 

1 I im* tl jiji 

tKt 





*) 

\ -X / 

ir 





S n 




R'" 

n— i 

( 2K »•- 

*• / S K 

jilt «/«i**/ * 

s .», s .,v 

4. - ’ j. L_ 

S 1 ” . 

ris 


l * 

it ' / *. n 

J IS 4 

+ 5.6 + TT 

■ + tn— l)*n/- 
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(sr: 





( — l)njn-i j 

i i)C0i2i 


nt 

n< 


T • 

* *t* 

nln / 

'* 1-«T 

c. 

s 


j»n*« 

. _i_ 

_1_ 

(_!)»«"-• | 

| q* co» 4 x 


n2 

n* 


i • 

• T 

III» / 

I— q* 

6R<” 

11 — « 

(f r _ 

PK" 1 ./-. 

i* , 

r; - 

• . 

4 . 


i q 1 CO»G* 


n2 

11« 


T f 

• T 

ntu j 

- n 

1— q‘ 


i 

f 2 K \ ,B+ * 





4 


1 

IT7 




* 



(2 n -f* 1) *in ,u * 1 im 

w 


R-fiir h" 

** \ ir ) a ~‘\ 7f / ilDI 


d ,n “ 




r 

C.( 

II S . .1 «’ 

IK j*"-’ 
» / 

ns 

1 

fiLf- 

r n-»1 

i. w / 

ns 

5 ’W" 1 

/ IK j*"-' 


( - J 

#- 1 

ns 

( 2 K 

.*» 

1 f *. ' 

1 

V ir 

/ 


+ V + 


II 2 n . d x’ 


un s 

TTfrr* + 


(- 1 )» 


+ ... + 


+ • • + 


2 n . iin a u ara - 


2K* 


n(In + l) | 

f ‘I-, + 

a 

• 


| q > sinSx 

n(!n + l) j 

f I_q> + 

T 

<2 

3 

| q'im 5 i 

n (* ".+ 1) 1 

f I— q* 

* 

s>" s”' 

_J_ 4. _1_ 

c(*l * 

+ + M_a 1 

5.6 T 7.8 

. ” (Io — 1)1 nj 


«•" H**> (2L\~ d-. * d»-. . 

»-M « / , n_t \ k A sin* x 


II 2 . »in’x 

2 K 


ri4. dx a 


+ + 


n*n.d«*“-’ 


- * 




n* 


( — i;»-. 2>n- . J 

n(Sn) I 1-.,' 

R 2 
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6R'" r* K ,Y‘~* B<R- f**!*’" 

A l "“'I w I "-M « / , (—!)■-*«•»-■ 1 tfcoat 

4 1 nt • ‘ ni +-■+ nSl) j ,_ q 


E formulis 6), 7), 8), 9) §.45 aliae deduci possunt, quae respectu functio- 
num cos ain u , tang am u , A am u easdem partes agunt , quam illae respectu functio- 
nis sin am u. Etenim e formula ; 


’( V u * T-) = c 


unde etiam : • * 


>in = cos am u , 


videmus , in formulis propositis , ubi ponitur Joco k et k' *(K — u) loco <1 , abire sin am u 

io cosamu, unde inveniuntur similes formulae, quae ipsi cos ara u respondent. Porro 
ex aequatione: * ' » 

sin am i u s i lan^ am (u , k') 

patet, simul mutari posse u in i u, k in k', sin am u in tang am u; unde formulas pro 
tang am u eruimus. Ex his deinde , quia 

cotang am (u-f-iK') = i Aam(n), 

formulas pro A am u eruere licel, quae formulis 8)- 9) §. 46 respondent. Quibus in- 
ventis, methodo plane simili ex evolutionibus functionum: 

IKi , £k« !Ki . 2Ki 

co» am , coi am , A am - , A am . 


1 1 

s k« ' . ak, * 


. «K. .. *K, 

A am — • A am 


a nobis propositis, evolutiones generales deducis functionum: 


_ »Ka AO tKi 
coa" am , A° am 


Quae sufficiat addigitasse. 
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Transformationes insignes sarieram, in qua» Functiones Ellipticas evolvimus, uau- 
ciscimur, posito ix loco x et adhibitis formulis, quas de reductione argumenti imaginarii 
ad argumentum renlc in primis fundamentis dedimus. Quae vero cum in promtu sini, 
hoc loco diutius his nolumus immorari. 


1KTF.G 11 AL1U31 ELLIPTICORUM SECUNDA SPECIES IN SERIES 

EVOLVITUR. 

*• * 

. • • ♦ 

47. 

' • ’ . ’ 0 . 

Integrata formula supra exhibita §.41. 1 J ; ■ 

r 1 * ' . • ‘ * 

/ ZkK . , ZK« ZK ZK ZK ZF.’ . ( ZqewZ* 4q’c<i.4i 6q’coi6< , ). 

>m’ na i i 4 — ; — + — ; 7~ + 7~ + • •} 

V n J n n n tr n 11 — 4 1 — 4 * 1 — 4 • 

inde a x = 0 usque ad x = x, |5ro venit: 

/ZkK\;/t*, *ZK.‘ 

\-rr)j ua ' m — dM = 

0 

• ' r 

i 2K 2K. 2K 2E* | f qatn2x * q**in4x. <f*ain6> q*sinflt J 

1 >r i» * * i' I — q 1 l — q 4 1 — q- 1 — q» ‘ ‘ ' 

Designemus in .sequentibus per characterem: expressionem: 


/ZKa> 

= Ifllf 

l * J 

* \ 


f qsinSx # . q**n4i a q^sinfix ^ q 4 sin8s t ) 

Tw" + 1-q* + 1-q- + 1 _,” + • • r 


2 K i 

E Cl’ Legendre notatione erit, posito — - — = u , i£=am u: 


Z) z (u) = 


E* F($) 


Functionem Z (u) loco ipsius E (<P) in Analysin Functionum Ellipltearum intro- 
ducere convenit; quam ceterum ope formulae 2) ad terminos Cl* Legendre usitatos re- 
vocare in promtu est. Adumbremus paucis , quomodo ex ipsa evolutione funetio- 
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nis Z, quam formula k) suppeditat, complures eius proprietates , etsi notas, deri- 
vare liceat. 

»..•#> . • i 

t »' * 1f , * 

Mutetur in 1) x in x -+- — , prodit: 

*K z / * K « , _ . | q »'"** _ s'»ln«i , ( 

* [ * ^ ) \ 1-q* l-q‘ i- 4" ^ "C 


unde : 


— zC— + Kl = 8< T in .l.- + X* n A \. -t- 

* \ * J * V " / [ 1-q’ T 1 — q* T l-q‘° / 

Porro mutetur in t) x in 2x, q in q’, simulque k in k"’, K in K'”, prodit: 

*H<" ( q’»m + « q*.m8s , q* jin lt s , , 

J“ 4 t 1-q* + 'T-q- + t-q- + T 


unde : 


*K _ / 8Ki \ _ IH.’” / 4K'* 1 » \ _ ( q»n«» q’ »i»6» q‘»in 10 t ( 

t \ tt/ n l * ’ / 1 1 — q’ 1— q* 1 — q*» ' ‘j 

At supra invenimus: 


2k K 2K 

— — sinam 


l_ __ a\jC± «in x q’»in3i ^"q*si«5* 

l 1 l-q’ + . l-q‘ + 


unde mutato q in q 5 , x in 2x: 

/ ♦*'"« .„A ( q«m»» S) 1 «in6« q»«ini0s l- 

\ « ’ / \ l-q’ t — q* 1— q' 0 ^ ’ 'I ' 


2 k<’'K‘” . /*K"<* 

ito im I 


Hinc sequitur: 




4 k 1 *' K'*’ 




2k'*’K'" 




k” 


, 2K /*K»\ . 2K /2K* . 4K.'” /4K‘*>. . \ . 

51 — z (— ) + — z (— + K )“ — z (-^-H = °- 

(u quibus formulis, quarum 4), fi) transformationem functionis Z secundi ordinis sup- 
peditant, est: 


k'*‘ = 4 _h r , K " - - 1 • K - ,io ,m (~— ' k "’j = ( 1 + k ’li* 


*K» . *k, 

amam - . sm eoam ■— 
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ali de transformatione .secundi ordinis, u Cl. Legcud^e proposita, constat Cude formu- 
lam 3) ita quoque repraesentare licet, posito u — — : 

6) Z (u) — Z (u -f- K.) = k 7 >in am u . sin eoam u . 


Potiamus brevitati* causa: aiu| , k ira 'j = 

cessive k"', k'", k" 1 , . . loco k; 2x', 4x , 8x, •. loco x , 
7) K. Z(u) = F*E($>) — E'r($>) = k ,, 'K'*'uo4>'*' .+ k<* , K , * , »i» 


e formula 4), posito suc 
prodit : 

+• 


quam dedit Cl. Legendre formulam. 

Simili modo , c formula .§' fit 


X K 

XK 

XK XE 1 

_ «/ 1 U. 1‘ _L. 8 l 


q ’ 1 1 

XT 

ir 

rr n 


■ (t — q 1 )* ' (l— q‘)' 


(1-q’P ' 1 

etiam huiic in modum evolvere licet : 




XK 

X K 

XK XE* 

«/ 1 u. *3’ »t‘ 


*■)* + 1 

ir 

ft 

tr ic 

l 1-,* " 

t_q. • l_q. 


1-q’ ' 1 


comparata cum hac, quam supra invenimus: 

16« + •*.+ ** + -3.1 + ,...1. 

\ n ) ( 1 — q" 1-q* 1-q'" T l’ 


protlil: ... 

8) XK(K - E’) = (kK)’ + *(k'*'K' , 0’ + 4(k'«>K«V) 1 + 8(k'»K'*')* + • •• 
quae cum ea convenit, quam Cl. Gauts dedit io Commcnt. Determinatio Attractioni e 
cet. §. 17. 


48 . 


Eadem methodo, qua §.41 eruimus evolutionem expressionis | sin" am , 

inquiramus in expressionem j Z ^ j j >'■ seriem evolvendam. Ponamus 


^ q’ sin4i ^ q‘ttn6i 


1 — *1* 


l — q* 


'"f 


8 | A A*cos J« + A' # co*4ji 4" A**cos6» -f" * • . 
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quam expressionem propositam induere videmus formam, dum loco 2 sin 2 ni x sin 2 mx 
uliique ponitur cos (m — m') x — cos (m-t-m') x . Fit primttpi; . 


n* ' * a” 


^ _ s _ i i i i i *i , • . 

(* — q’J' (i— h*)* d-q*) 1 (»— q‘)’ ■*■•••• 

Deinde generaliter obtinemus A'"‘ = iB ,n ' — C' 0> , siquidem ponitur: 

• . '*• * 

- V*’ , +** , qit-f • 

B " = (i-q , )(t-q , “ + ') + T-q*)U-«’“ + V + (1-VKt ,-q*”-) + -• V* 

r.n, 3! - 4 * <i* . * ■ V, . » q“ 


(1-q’Hl-q'»-’) (l-q*)(l r 1 (l-_q» 

In singtilis harum expressionum terminis substituatur resp. : x 


prodit : 



q° 

1 ’q m 

q»n +m 

(l-q**)(l-ti Jn + Q ') 

T 

a 

( l-q IU 

l — q^o+m 


qO 

l •t"’ , 


(i— q“'J(t — q , “- ,r ) 

1 — q'" 1 

l I-q“> ^ 

r 1 q* n - m 

* * 


B-- —i" < '»* .. T , r . I 

1-t'Ml-q 1 + 1-q* + l-q* + ;v/ 


q” ( q’° + ’ q 

*» + ♦ 


1— q*“ 1 l — q’»*' 1- 

.q»n + A “ 

l^q»*» ^ ' 

q° 1 i' .• «t* 



l_q'“ l 1 — q* ' l-q* 

H 

e- 

1 

■A 

+ -- + TZ 7 

(o-IJq» fq“ t q> 

_+ _s_ 

- + q ‘ 4 - 

1 — q’" ' l— q*“ l 1 — q' 

+ 1 -T 

' + »-q* + 

sb"» C' n > — l“‘*' , )q" 


nq n 


His collectis, invenitur evolutio quaesita: 

_l_ g I q(t + q’)eo»*« , q’(l+q*)co«4« , q'(l + q*) eo» 6» \ — 

l (l-q’) 1 ^ tl-qy + ciZT^5 — + 

1 A I* (J* q* 

Ipsum A = -4- • • • cum etiam hunc in modum evol- 


vere liceat: 


A = q ’ 4- **' 4 . 8 3* . *t‘ . 

1 — q’ + l— q' + 1 — q* ^ t — q" + 
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invenimus e §. 42. 6}: 


t) « A ~ 


l’orro autem constat esse : 

0 • 
integrata enim aequatione t) a x = 0 usque ad x = — , termini omnes, praeter primum, 
evanescunt; unde si C1‘ ‘Legemini notationibus uti placet: 


S)/ A<«1) . — s ■ 


mrF 1 


quae est Iutegralis definiti satis abstrusi determinatio. 


INTEGRALIA elliptica tertiae. speciei indefinita ad casum 

REVOCANTUR DEflNITUM, IN QUO AMPLITUDO PAR A METRUM 
‘ . ■ AEQUAT. 

49 . 

Antequam ad tertiam speciem lutegralium Ellipticorum in seriem evolvendam ac- 
cedamus, paucis, quae Theoriae illorum adiicere contigit, seorsim exponemus, idque 
fere ipsis signis Claro eius autori usitatis. Mox idem novis adhibitis denominationibus 
proponetur. 

‘ ' - k „ * - 

Proficiscimur a theorematibus quibusdam notis de specie secunda lutegralium Ellipti- 
corum. Fit : 

S »tn iim u . cos »m i . A >m i 

sin am (u+a) * ,n ** ( u — *) = 

sio am (u-f-a) — sin am (u — a) sss 


1 — k* sin* am a . «in* am u 

S sin am a . cos am u . A am u 
I — k* sin 1 am a . sin 2 am u 
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untlc: 


un s aiu (u-f-a) — sin’ am (u — a) = - 


4 sin mi a . cos am a • A sm a . sin am u . cos am a . ani u 


|l — k 1 sisama . •in 3 »niuj > 

ijua integrata Ibrmula .secundum u, prodit: 

u . 

/ ' # . . i , 2 sinam a . cos ama . ^ami . sin*amii 

d u . I na* am (u a) — sin* am (u — a) > = : c- t — r~z . ■ ■ ■ , 

l v ^ ' * 1 — k’ km* am a . «n* am u 

0 . 

uti iam* supra invenimus. . 

Ponatur: amu = i£, ama = «, ara (u-i-a) = a, am (u — a)==^, prit e nota- 
tione Cl' Legemlre: 

» % U - b *' 

k y d u . siu* am u se F ($) — E ($) , ... * 

0 ’ * 

unde etiam , cum sit F (a) — F (*) = F ($) , F ($) F (a) = F ($ )‘: 

* . * 

u , .♦* • 

k*^du . >in’am(u -f-a) = P{$) — E(r) -f- E{«) 

0 / . ' t . 

«, t ’ * ’ * ' ' * \ v * 

u • • • • • # 

k*^d a . sin*am(u— l) = F(<J>) — • KfS') — > E(«). : . *• ^ 

0 v * * • , * 

, • ' , 4 * - i . « 

Iliuc aetjuatio l) in hanc ahit: 

2 k* siu x cos «A 

. da*$ 


«> «w- { eo- K.») - • *•» 


Commutatis inter se u ct a, abit a io (f), 4 in — a immutatum nianet, unde 
ex t) prodit: 

* E ») - ( E »+ E(9 >) = ■ ' 

(pia addita aequationi l), proveuit: 

S) E{£)*p E (a) — E(c) = k'iia» . >i n® , lio * i 

ijuod est theorema de Additione functionis K, a Cl. Legemlre prolatum, L c. Cap. IX. 
pag. 43. c\ 
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'f' 

f- 


*in*<P . dtp 


>k’sin*«c . «in* <f>f A (<f>) 


secundum eam , quam Cl. Legendre instituit, Integralium Ellipticorum distributionem in 
specie»;, speciem tertiam constituunt. Quantitatem — k sin’ «, quam per n designat, 
Parametrum vocat; no» iu sequeutiliu» ipsum anguium * Parametrum dicemus. Ouorum 
Integralium , multiplicata aequatione 2) per - 


Ap 

4») 


di r 

^ (#7. ” aW’ 


ac integratione instituta a $ = 0 usque ad <f> = i f, quo facto ipsius a limites erunt : c — 
» = «, ipsius -9 limites: $■= — a, $=£=■&, expressionem eruimus sequentem : 

$ . ' # 9 

P .ln’»-.d» . vmA f E [VJ • V Z' E(9J . 

j ' j i(v> v ~S(5r 


. d9 


Facile constat, cum sit E( — $) = — E ($) , es.<e : . 

. p — p • 1 -f<f> 

Z' .£(»)•<»¥> = /' B(0)..d0 • . r Eff>). d» 

J A(<?>) J i») ' Sl '7/ A(<P) 

0 0 • — $> 


= o. 


d?> 


unde cum sit: 

P E( g ).d> = /e(») ■ d<p _ 

J A( e) J A(<J>) ./ A(<J>] 

at % 0 *« 0 

9 9 -« » « 

/ E (9) . d 9 _ r E (<P) • _ r _ /”_ K («>) ■ -l<P P E(<J>) . d* 

A{9) A((f>) J A») J A(?>) J A(?>) 1 


nacti sumus novum ac memorabile 

THEOREMA 1. 

Determinentur anguli &■, cr ito, ut sit: 

*'lp) •+• f(a) = FW ; FC?>) - F(«) - p (9). 


S 2 
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erit : 


/ k* »in at cos st A x . 'in 3 . d $ 

Jl — k’ sin » , ■ in’ ?>; 

0 

FmE(a) - Tj ~m~ = - t / + t 7 . 


s 


9 o o 

/7« ut tertia species Integralium Ellipticorum , tjuae ab elementis tribus pen- 
det , Modulo k, Amplitudine Q , Parametroct , rer>ocata sit ad speciem pri- 
mam et secundam , et Transcendentem novam 

9> 

r £(»)•< i» , 

y a(?>) • 

o 

r/MOf tantum a duobus elementis pendent omnes . . ‘ 


50. ■ 

Ponamus F(«,) = 2l J («), quoties $ = «, {it o = «, , -S- = 0, ejuo igitur .casu 
e theoremati? proposito nanciscimur:- • « • 

JX ac J 

J |l-k’sln’«. shi* ${£($> W “ * J A (9) * ' . 

0 * 0 

Quae docet formula, iu locum Transcendentis novae substitui posse et hanc: 

at 

y ‘ lin’ $>.<)(£> * 

JI — k J sin 7 * . *in : <£>J A'#); * 

0 

ijnod est Integnde tertiae speciei definitum , in qUo Amplitudo Pitramelruin aeijuat , quod 
igitur et ipsum tantum n duolius elementis pendet, a Modulo h et (juaiit itate illa, quae 
simul et Paramcter est et Amplitudo. 

Ponamus 2 F («) = F($) -f- F(a) = F(e), 2 F ('j)) = F($) — F(«) = F (S), 
erit ex t): 

* e 

t r E(») . d® 


am 


FWEW - 

J |1— k’MnV . wo’?>( A($; 
n 
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l / *K(y) . J if _ j _ P k’>in <'cow'Aj. tin’ y • Jy 

t xJ Afo) y {1 — k , iia’^.iin ? f4 A(y) f 

0 0 

tjuihus in theoremate, §° antecedente proponito, substitutis formulis, obtinemus se- 
<j nens 


T U E O l< £ « A Jl. 


Determinentur anguli fj , , 'J ita, ut sit: 

FW- rw . tr . w .. KN, = IMszU^L, 


erit : 


'i 

• » • A / 5,n ' 

k nuac»t«aa . / — 

./ jl — k'«iu i 


V ■ **V 


« . *tn'v!£(<r) 


F(v)E« - KMEC») + FW)B(J) + 
t ‘ 


II — k siu /u . »»n ? r/{ 

• 0 

.d* 

_ k’«n9«o 

J jl — k’«n’a. .in’ 


A(v) 


u 

yna formula Integralia tertiae speciei indefinita recin antur ad definita, in 
quibus Amplitudo Parametrum aequat, ideaque quae ab elementis tribus 
pendebant , ad alias Transcendentes , quae tantum duobus constant. 

Commutati» inter se a et <f>, abit in — ■$■, c immutatum manet, mule cum 
insuper sit: 

y - * B(») • A, t _ P FCy) 

. & ( 9 ) J. 

— S + 3 

e theoremate I: 

_JP 


/ k’»;n«co>«A» . >in’y . d<{ 1 p 

(l-k^in»». »o s ^li(y) _ 7) ^ tj 


E(<<) • i* 
^(V) 


J 
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obtinemus : 

* 

/ k 7 tiny c o%<f£<f ■ 

— k* »in*«p . *ir 

0 

Hinc, subductione facta, prodit : 


k 3 siiiff cos(f . *in 3 « .da 
. *ili : a| A (jr) 


= F(«)E(v) 


_ _ 1 _ rW 

A(, 


(J tp 

Atvi 


(fl « 

f « |t’fiiiKCns«A» . lin’ 7' • d<f C 3 k 3 iin<f cotcp&tf . «in 3 » . 

*' t / it — k 3 iiu 3 « ■ >ia*9>f &(f) J jl — A’ wn 3 tp . H( 


d a 

a(«T 


F(<r)E(«) — F(«)E(y); 

(juae docet formula, Integrate tertiae speciei semper revocari posse ad aliud, 
in quo, qui erat Paramcter , fit Amplitudo, quae erat Amplitudo, fit 
Pararneter. 

Ubi in formula 2) ponitur $ = -£-, obtinemus: 

ir • 4 

p-T k 3 .i-.e 0 .«A« ■ Jy _ K , Kt _ } g . F( _' 

0 * * % •. 

‘ r • < , . . 

Formulae 2), 3) cum iis conveniunt, quae a Cl. Legeodrc exhibitae sunt Gap. XXI11. 
pag. 14 1. (n'), (p )- ' . . 


1NTEGRALIA ELLIPTICA TERTIAE SPECIEI IN SERIEM 
EVOLVUNTUR. QUOMODO ILLA TER TRANSCEND-ENTEM NOVAM © 

COMMODE EXPRIMUNTUR. 

* * V 

, 51 . 


F. formula : 


% • 

• • 

■in’ am 

— (s + A) 
* > 

£ K 

— sin ? am (*— A) = 

ir 


4 sin am ■ 

£KA 

SKA . *KA , SKs 

n SK» 2 Kr 

■tt 

ir ir ir 

ir ir 


I. - , * KA ■ , **, |* 

< 1 — k’ sin’ am . sin’ im > 

l * ir ) 
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<|uac cx elementis constat, eruimus integrando: 

I 

I) ' /"d * . Jiiw’ am — (» + A) — sili’ am (x — \)\ — 

t tj\n rr \ 

0 

2KA 2KA SKA , 2K« 

2 sin aot — ■ — cos am u am . sin' am 

ic sr ir w 

' »KA , 2K, ' 

1 — k sin am . un am — ™ 

rt n 

lani dedimus §. 41 formulam: 

/8kK\* , tKa 2K 2K 2K 2E* .itqcosja 4q'co»4« . 6q‘cos6« i 

\ rt / rt ir tt * w , ( 1 — q' 1— q* 1 — <) . ’ 

uude: 

/ 2k K . . 2K ~ . , 2K 1 

I ) !»u' ?m (x*f A — sin’ am (s — A)f == 

V ir / 4 ff ' 1» I , ■ 

A f 2qcos?'* — A) t 4q*co«4(s — AJ t 6 q* coa 6 {« — A) t j 

l 1-q* + — n? + • 7 

k \ 2q cost fx-f- A) t 4 q* cos 4 (i -f* A) 6q*co3 6(» -4" A) ( J 

\ + . i — • + rz^ + • i - 

J Sqiint Aiin2i 4q’iin^lA»o4i 6q'iio6Aiin6i ) 

8 l — TZ.-^- + — v — + TZf — + “J • 

Hinc fit ex i): 


2 K 

• 

f It* sinam 

2 KA 2 KA 

/s * KA ■. 

A «n, «ii, am 

2 K> 

* * * 

U .«III — 1 ’ • »111 illi 

* n 

T» 

Z) 

* 

f ' j , n 4 1 4 — 

» 

q sin 2 (« — A) 

, , 2 KA . , 2 K. 

I — k sin am — . »in am 

«r w 

q 7 sin 4 (x — A) t q*sin6(x — A) 

+ 1 

laUOM, T i “ 

l-q’ 

i-H 4 

t-f 


. 4 I 

q tint(x-f A) 

q*,iii 4 (*- 4 -A) 

q*sin6(s-f- A) 

+ ■ 1 

4 r 

l_q’ 

+ . 1 q* 

+ t_,- 

+ 1 

^ o t qsio2Aco»£x 

( q 1 »in 4 .Aeo* 4 1 

q* sin 6 A cos 6 x 

+ .. 1 , 

«jun«- — v ^ — 

1-q 5 ' 

+ t q 4 

1 — q- 

-t- ■ r 


ulii ita determinari debet Constans, ut expressio proposita pro x = 0 evanescat, unde 

, ■% 

e §. 47. 1): 

( qiinSA q**h* 4 A q* sin 6 A | . fK. /tKAV 

° 0 “‘' = g ri^" *' -l_q-- + 'f = * — z (— ) 
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Formula *) a x = 0 usque ail x = j integrata, cum prodeat ■— . Const. , reliquis evu- 

uescentibu* terminis, posito = a , = u, eruimus integrale definitum: 

* 

k’ sin am a cos «m a 6 an» a . lin’ im o . do 


/ 


1 — k*sin'aina . sin ] amu 


= K.Z(,). 


quod idem est atque S) §. 50. 

Designabimus in sequentibus per characterem n (n, a, k) seu brevius per n (u, a) 

integrale: H(u, o)*> = 

■■ ' if 

Asinam a cos ama A ama . sin* an» u . du __ r k' sinar coi a A at . sin^y . d y 

J 1 1 — k* sin* * . sin 1 q 


f- 


1 — k 1 sin' am u . sitrtf 


a y| 


0 ° * .. 

>iquidem $ = amu, * = am a. Quibus positis, aequatione^) rursus integrata a x = o 
usque ad x = x, prodit: ^ ' - r 

2K* 2KA\ 


/ XM XIV A 1 


q COS f {* — 

+ 

q*cos4(* — A) 

q*cns6 (x — A) 


1 — q’ 

*<*— q*) 

+ “»Ti-q*) 

. * 

q cos 2 (t-f* A) 

. _i_ 

q* cos4(x-f> A) 

q’co»6(» + A) 

- -4- 

i— q’ 

' “T 

*(i— q*) ■ 

S(l_q<0 

T * 

q sin 2 A sin2x 

•f 

q“ stn 4 A sin 4 x 

q 1 sin6Asin6i 

-K . 

1 — q* 

*(i-q'J 

+ *d-q‘) 



quae est lutegralis Elliptici tertiae speciei evolutio quaesita. 
Ubi aduotatur evolutio nota: 


.1 


— togtl — SqeojS. + q 5 ) = Jjqcoiii + 1 ""* 1 -f 1 - ^ + ’■ • -j. 

'f 


q' cos 6* 


q 4 cos 8 * 




; ita u» , quod no- 


*) Qi Legendrr paullo alia esi denotatio; ponit enim ille II (n, tp) -f { t •+■ « ««* y|A(qO 

0 ' . ^ 

bis est £ (o , a) , illi eril : 

— cos «Aa COiaAa 

— — — F (y) -f- ; II (— k s»n’ » , tf ) . 

sin « sin oc 

Quod signum II ne cum signo niultiplicalorio IT, saepius a nobis adbibito, commutetur, eis moneri 
debet. 
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videmus formulam 9), singulis evolutis denominatorihus 1 — q ] , 1 — q*, 1 — q*, cet., 

hanc ind.uere formam: 

n (—‘— ) = 

2K» ? / 2KA ' _l_ ]o ( (I — I<|co»l(«— A) + q*) (1 — »q‘cw«(. — A) + q«) ■ . . , 

* \ * / 2 ® i — 2qcos2(i + A)4~q*) (t — 2q*co»t(«4"A) + q*) ... i 


52 . 

Integrata formula l) §. 47: 

** „ l \ _ . I giinit q’ »■"•*» , q'»»"*» . ^ 

w \ n ) ri-q’ i-q* i — q* ") 

a x = 0 usque ad x = x , prodit : 

1 

2K /"*„ / 2K« \ , /qco»2i q’co*4« q*coi6i | 

—j 7 (— )■ ■** = - ‘Itt + fcvr + Ttr=*r H + Com * 

0 

=3 log {(i — l fj coi + — 8q'co*t*+-q*)(l — f q* co* t * + q 10 ) . ♦ . J -f* Conat. , 

ulii Comtam ita determinata , ut pro x = 0 evanescat , fit = 

2 ^ ^ 4- 5 4. - 4- . .1 = — toc ( (1 — q) (l — q’) (I — q 1 ) . . , 

I J-q* + 2(l-q*) ^ 9(1— q*) ^ ) * ’ ’ ’ 

ideo<jue : 


*k r~t *K* \ . . f 

» —yz(— )•'>* = ' ■>*, 


f (1 — gqco.ft-t-qbt 1 — tq'eo»2l-f qTd — 2q > CO>2i4-q'») ... | 


|(l-<U(l-q>Xt-q‘) ...f 


I 


Designabimus in posterum per characterem ©(u) expressionem: 

i , 

U 

y'z(u) . d u 

0{u) = 0(0 )«° 

designante 0(O) Constantem, quam adhuc indeterminatam relinquimus, dnm commodam 
eius determinationem infra ohtinehimus; erit ex l): 

/Ui\ 

„ ) (1 — 2qc<>»2l+q , )(t — 2q , CO»2»4-q‘)(l — 2q'co.2«4-q‘°) 

:a-q>(4-a')<>-4*) • • f 

. T 
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unde formula 4 ) §.61 in hanc abit: 


t SKx JKA» !Ki / f K A \ 1 

n (— j=— z (— ) + T 


2Ki 2KA 

sive , rursus posito — = u , = a : 


log . 


/*K \ 

(— ( *- A! ) 

(— ( ' +A) ) 


S) n ( u. .) - «z W + x la «- ' !!£+£ = “'W * T I,R - 

siquidem ponitur : ‘ l ^ u) — ®'(u). Quae est commoda expressio Integratis Elliptici n 
per Transcendentem noram 0. 


Facile constat, esse 0( — u) = ©(u), unde commutatis inter se a et u, e S) 


prodit : 


n (• , u) as iZ(x) -4- log . — 

' t * 9(u+.) 


quibus a s) subductis, fit: 

4) n(u, •) — n(a, n) = uZ(a) — aZ(u), 

quae eadem est atque formula 2) §. 60. Hinc, posito n(K, a) = n'(a), evanescente 
n(a, K), Z(K), fit: 

n'(») =a KZC»), 

quae est Cl' Legendre, quam supra exhibuimus S) §. 50, formula. 

Posito u = a, e 5) fit: 

(0) = .z(») _ _Liog.-^l. 

' t B ®(0) 


5, n{«. *) = »Z(»> + — i.g . 8(t>) 


Videmus igitur, Transcendentem novam sive per Integrale J " '-- ^ ^ — definiri posse opr 


formulae : 


6) 


»(<■) 

®(0) 


■ S 

J' A « . Z (u) ■ 


fECyj-ETt») 


. tlfl 


sive per Integrale definitum tertiae speciei ope formulae: 

8 (*,) _ l.Z(») — 2 n(», t) 

’ »») 
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E formula 5) nanciscimur: 
1 


- . 0(0-») 
T'"‘-5jrT 


unde 3) in hanc ahit formulam: 

8 , n(u, = oz ( », + _ -?±i . zp+ij 

quae est pro reductione Integralis t. sp. indefiniti ad definita, atque cum Theor. II 
§. 50. convenit. ' , 

- , T 

COROLLARIUM. 

Uti iam supra ex evolutionibus inventis Algorithmos ad computum idoneos deduxi- 
mus, minus ut nova proferantur, quam quo melius earum perspicietur natura : idem rur- 
sus agamus de inventa evolutione functionis 

j» 


/tK.x 
0(0) 


. d if 


(l — 2 q COS t X -f- q*) (1 — S^COsSi-^-*!"}^ — 2q J CO*8 ♦ 

' ' t(t—,)(l-,>)(l — ,*)...| " 

Quem in finem antemittamus sequentia. 

Ponatur productum infinitum: 

T = ) (-‘-I’ f (Jszf. .... 

[ 1 + q J\l + 1 ’ ) \l + q’/ \l + q'/ 

siquidem iteratis vicibus substituitur: 

(1-,*) = (l-qKl+q). (1-,*) = (l_q>)(t + q«). (t - q’> = (I -q*)(t + ,•) 

prodit: 

l-q V { / t-q> 1-q 


mh(^)w^hw 


T 2 
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unde videmus, fore: 

j) T = (i-q)(i-q)* (1 — q)* (i— q>* (i-q) A • • • = (»— qP- 
Sive etiam cum sit: 

- - ( 4 ^)( 4 ^)‘ - 

-MfejWtiS-)'"-- 

fit T = (l— q)/T, unde T= (1 — q) s . 

Ex 1) fit: 

qua in fonnula loco q successive ponamus <| , q’, q\ q’, . 
multiplicationem. Advocata formula supra exhibita: 

prodit: 

(t-q)(t-q')(t-q*)(l— q*) •• • ■= |k'l , |i , ’M A |k' , >’f A 
siquidem designamus, ut supra per s. ,n/ quantitatem, quae eodem modo a q" pendet atque 
k' a q , sive Complementum Modufi per transforma tioueni primani u" ordinis eruti. 

Porro invenimus §. 86 : 


et instituamus iufiiiitani 


{(i— q)U— q')(t — q‘)(t— q’) • •} = Vir ■ 


unde ian» : 




S) q 


TstWMV"'} 1 -- 
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Posito m = 1 , u = k' ; 


ra + n 


m', /mu = n'; ** j~ - =a m", /'in'n' = n", 


i — “• > ' > s 

cet. ; notum est fieri k"’ = — r, k" 1 — — , k‘ = ~-s, cet.* unde: 

’ tn m "W 

/.-.i 


*) <t 


=S=r-{(7) ©(£)-)'• 


Hinc etiam fluit, designante fx = limitem communem, ad quem quantitates m 1 ", 
n ,p> convergunt: 

1 ( 16 m n S , i»* # . 3 in ' 5 _ n» | 

sj k- = — i»* 1- -r-io* - r + — '°e-s- + t °* 7 * + T 

’ 2 (x l m n — n n i n ■» n 8 11 ' 

’ i 

(|uae formulae coroputum expeditissimum suppeditant. Docet 5), quomodo ex eadem 
quantitatum serie, quam ad inveniendum valorem functionis K calculntam habere dei*», 
ipsius etiam K’ valor confestim proveniat. 

Formulam S) transformemus. Fit, ut uoltim est: 

i— 1<*> . s/ JP' , kk 41'*' 

k ' = 7+k^ 1 k = 7T* 757 ’ Uniip y m W • 

Hinc obtinemus, siquidem iteratis vicibus simul loco k substituimus k atque radicem 
quadraticam extrahimus: 

il M* = 

I6k’ l I \ lOk"» 1 | 


/ 1* /«.A*. 

l iek^f r / \ ) 

i *"*'' tVlv./l 1 = /JOCi 1 

\ l6k‘*’’ / I I 1 ISk ' 1 ' ( 


unde posito p = 2 m : 

ot • -H‘ - (W- 

— *K' 

— k — " • • ( 

Hinc videmus e forumla s), q = e limitem fore expressionis jg— J , cre- 

scente m seu p in infinitum, quod est theorema a Cl° Legendre inventum. 
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Nec uon vel ipso intuitu formulae a nobis exhibitae: 
k = s/^-j Wld+tidftid+iV.. >* 

Ui+DO+^O+tfO+V)--- > 

patet, neglectis quantitatibus ordinis q ? , fore: 


? k.p.^.p. 

■> = V -*-• 

quod cum dicto theoremate convenit, 
lam iu formula nostra 

I i— q 1*1 t-rV 1*1 1-<1* i* 


* — q = 


‘+q 


I l l+q ) ) t-t-q* t 


loco q substituamus successive duplicem quantitatum seriem: 

qe 1 ^, q 1 ****, q'e 8 **, ... 


q «- *i *» q i c“ , ' x , q*e“’ , '* t q’e” , * ,t l 


et infinitam instituamus muliiplicationem. Advocetur formula §' S6: 


SK< 


v ft — 8qco<8«-t-q , ) (l — tq 1 co»q.^ -q*)(t — tq 1 co»2xq-q l<1 ) . . . 


<l + 2qco.2x + q’)(l + Sq>oo»2> + q*)(t-t.2q>c®»a«+q“) . .. * 
ac designemus per A' p ' expressionem 


* _ (t — 2qPco»ip«4-q , l , )(t — tq'l > colgpi-(-[)' l P) (l — 2 q‘ Peox 2 p 1 + q" 1 V) . . . 

y(~j^T7 (l-t-2qVcof2p« + q’l > )<l + 2 1 *Pc<n2px-pq' , l , ’(iq.2q‘Vc<»2piq.<|'»r) . . . 


provenit : 

- (* — s n co, *«-l-q , )C 1 — + gg‘co«2x+q l «) . . 

t(l-q)(t-q')(t-q‘) . . . J> ’ 

Factorem constantem, quem adiecimus, {1 _ q) , (1 _ q | ) , ( 7 ^ )|V , ex supra inventis sive 

eo determinavimus, quod utraque expressio, posito x = 0, unitati aequalis evadat, 
lam vero invenimus: 

2K 


8 


f— ) 

V » / _ (1 — 2qco»lt-t-n , )(t — 2q’cos2x-)-q*)(l — tq^oig x-pq" 1 ) . . . 

i(l-q)(l-q')(l-q>) . . .,•» • 


8 ( 0 ) 


unde 


m 

9 ( 0 ) 


= q f^r 
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Hinc posito ' * K ‘ = u , am u = <p, et advocatis formulis, quas Cl. Legcndre 

de transformatione secundi ordinis proposuit , nanciscimur sequens , quod computui» 
expeditum functionis 0 suppeditat , 

THEOREMA. 


Ponatur am (u) = <P, m = 1 , n = k', A ($) =* nini cos ’ <p -+- nnsiir <p = A , 
et calculetur series quantitatum : 

, m4>n „ m‘-f-n' . m"4-n“ 

m = , m = . m * 

n' = / tnn , n' = /* m* n • n‘* = y/ nC n , . . . 

. AA+n'»' A'A'4-n'iT a" 

A = , A ss ■ =r — , A = 


*A 


*A' 


t A" 


erit : 


»(■0 - - O 
SIO) 


/ F-KW-E-Ffa) 
P* A (y) 


. d (f 


\* .1—1* (*~C 

( ni I lm' | ) m"t in ’/ 


Cuius theorematis absque evolutionum consideratione per formulas notas ac Uni- 
tas demonstrandi negotio, cum in promptu sit, supersedemus. 


DE ADDITIONE ARGUMENTORUM ET FAKAMETKI ET AMPLITUDINIS 
IN TERTIA SPECIE INTEGRALIUM ELLIPTICORUM. 

, 53 . 


Formulam in Analysi Functionis 0 fundamentalem , et cuius nobis in sequen- 
tibus frequeutissimus usus erit, nanciscimur consideratione sequeutr. Etenim quia po- 
situm est : 


u 

n(o. *) = J • 


k* sin am a eo* am a A am a . sin 3 am u . d u 
1 — k’ «tn 9 am a * ain 7 am u 


fit: 


<tn(u. >) 


k 9 ain ama cotaina A ama . •in 7 am u 
1 — k 9 ain 9 ama . *io*amu 


Digitized by Google 


152 


Qua formula secundum a integrata ab a = 0 usque ad a — a, prodit: 


i) /a,. 


d n (u , a) _ — | 0 ^ ^ — k 1 ain* am a iln* jm uj . 


d u 


Fit autem e 3) §• 52: 


dn;«, .) .. ... » «'<»—> » 

*) d„ ^ * »(u— i) * ®£“+») 


unde: 


f 


d». J ~ n (u - — = i»g ■ — -L t„g e ( U -i- i»k »(>*+•) + >»««(•). 

da W (0) x z 


qaibos substitutis, dum a logarithmis ad numeros tranis, e l) oblines: 


f 0 u . 0 a \* ... * 

S) 0{n+*)®(u-») = { eo "~r 

Formulam 2) ita repraesentare possumus: 


am a . sio 9 am u). 


k* ain . ain’ _ Z(>) + _L Z(a _,j Lz(u-+-l), 

1 k 3 ain* ani a sin* am u t t 


unde commutatis a et u: 

k*sinamu cosamu Aamu . *in*ama 


1 — k : »in J am a sin* ani u 


= Z (a) i- Z (u — a) — — Z (u 4 - a) . 


quibus additis formulis prodit: 

4) Z(u) ■+• Z(a) — Z(u + a) = k s »inamu . «inania . >in am (»4- a) . 

quae est pro Additione functionis Z, atque convenit cum formula s) § 49: 

E(t) -+■ E(«) — E(ffJ *= kNiny . «in« . aior . 

Posito a = K, cum facile coustet esse Z(K) = ~~~~f T~— — ° > P ro,,il e *) : • 

5) Z(o) — Z(uq-K) s= k’«mamii . aincoam u , 

quam §. 47 ex evolutione ipsius Z derivavimus. Posito — u loco u , K — tt = v. 

e formula 5) obtinemus: 

6) Z(u)+Z(«) «= k’aroamu . sinamt. 

Posito u = v = — , fit: 2Z^— 1=1 k. *)• 

K / 1 K / k' K K i 

») Eatraim: aio am — = y . c®> am — at y ^ am — = V k . I* am — = 
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Formulam 5) inde o u = 0 usque ad u = u integremus. Cum sit J' Z(u) . d u = 

• A 




9« , ®(u+K) , . 

joc — • loe . =s — loe U *m u , 

s ®0 * 0(K) 6 


sive: 


_ 90 9(u+K) 

7) . — ^ — - = ^imu, 

1 9K 0 u 

4 

Posito u = — K , eruimus e 7) valorem ipsius 
9K 1 

~ /v’ 

unde 7) formam induit: 

9 (o -f- K) !>»■ 


8« 


/F 


Formulam 9) ex inventa evolutione : 

\ n / (X — SqcojSx 




e(0) Ki-qW-q^U-q*) ...J 3 

facile confirmamus. Fit enim , mutato x io x 

»(-^+4 


)( 0 ) 


unde: 




|(l-q)<l~q’)(l-q') . ..f 


(l^-aqco•^» + q , )(l■+•*q I c«>•l■-^■q•)(t-^-^q•eo»^I^-q , •) . . . 


p ^ »K» j (1 — Sqcosti + q^Cl — iq'cos*«+q*)(l— S q* coj * i q- q'"} . . . ’ 

A SK ‘ 

> &im 

quam ipsam expressionem invenimus §. 35. — -jzz , uti deLet. 

E formula 9) expressiones n(n-f-K, a), n(u, a-t- K) statim ad ipsum n(u, a) 
revocamus. Fit enim : 

U 
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,o, ne+K, .) = (u+X)z W + 4 -ic i. 

= n(n, .) + K.z W + 4- ,o «-4 i= rx ! r 

2 Aani(n-f-a) 

11) n(B, a + K) = uZ(. + K) +— log^lLullJi - 

' T ; -r 2 * 0(u+J + K j 


1 Aam(u — a) 
Joiz . — ■ 

2 Aam(a«f*a) 


(•9 (u — i) 
©(u-f-a) 


&am(u — »a) 
A ani (u + ») 


rr / » i i • . , 1 , Aatn(u — a) 

n (u , a) — k* sjn am a >iu eoam a . u H loc 

2 ^am(u-f a) 


54 . 

/ " . 4 

B formula fundamentali, cuius ope functio n per functiones Z, 0 defluitur : 

I) n(e. «) ■= uZ(.) + -i-i°g. ”[■*-■> , 

advocatis sequentibus et ipsis in Analysi functionum Z , 0 fundamentalibus ; 

( 1 ) Zu — • Z(uq-a) = k* linama . ainamu . alnaot (d - pa) 

III) ®(u-f-*)®{u — ») =j | j (I — k’ sin’am a . iiQ*atnu), 

iam facile formulas obtines et pro exprimendo n (u v , a) per n(u, a), n(v, a), quod 
vocabimus de Additione Argumenti Amplitudinis , et pro exprimendo n(u, a-t-li) per 
n (u, n), n(u, b), quod vorabimus de Additione Argumenti Parametri theorema. Ouem 
iu flnem adnotamus sequentia. 

K formulis: 

* * »(«+») 

ni», .)= i.Zi + -i-iog . q (y ' ^ 

* 0f*+») 


n <u+» , .) = <„+») z . + i- 1 «.« . 

* efu+n-fi) 


sequitur : 


1) n(u, a) + n<v. 1 ) — n(oq-v, a) = — '~r _ w (« — »)•»(« — »)■ B(nq-v + ») 

i ®tu+»).0(, + ,). »(„ +r _ l) • 
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Expressionem sub signo logarithmico contentam: 

0 (n — •) . 0{t — a) . 0(u-f- v-f- a) 

0(u+a).0(T + a). ©(« + *-•) 

ope theorematis fundamentalis IU. duplici ratione ad functiones ellipticas revocare licet. 
Fit enim ex eo primum: 


0 (a— ■).©(▼ — ») i 




\ -00 j I 1 - k '"" “ (—)■ “ (— - •)) 




0 (tt + v — a) 0« = 




•j ^1 — k , »in , »m (— j- »n’»m — »j| 

+ T+.)0« = { + s)|. 


0 (u 


quarum formularum prima et quarta in se ductis ac per secundam et tertiam divisis, 
provenit : 

* n »)-ec«+ T+i) 

’ e(u+.),0(T + ,).0(u+v-.) 




fl kW.m/ U + T l 

1 4. ,Vl 

r * m \ * , 

i t i vi 

| k a Illi ■III | ^ J 

1 * * nl ^ j T ‘Ji 

L .... /u— v i 

l •. , / U + V II 

1 . .... / u-t-v ] 

l • 1 \| 

l‘-k — J 


j 1 — k’ sin’ am | ^ — i 



Sic etiam, quae est altera ratio, ubi theorema fundamentale III. hunc in mo- 
dum repraesentas: 


fit: 


( 0 u * 0 ▼ | f _ 

0(u+v)0(o — v) 

t eo / i 

— k , *in > im« , v * 

| 0{o — a)0(v— >) j’ _ 

0 (u — x) . 0 (u 4* V — 1 a) 

i eo ) 

i 0{u+») e(v+») t’_ 

I — k*sin’am(u — a) , sin’ ani (▼ — a) * 
©(u — *) . 0( u + r + t.) 

1 00 ) 

1 0» . 0(u + »_.) 1* 

1 — k*$in’am{uV-a) , sin’ at» (v + a) 
0(u-f-v) . 0(u-f-*— ta) 

1 00 ) 

t — k* sin 7 ama . sin' im (u -+-▼ — a) 


II 2 


t 
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I 8.. 9(u + t + ,) f 8ta+.).8(.+» + t.) 

I 80 J 1 — k’ liu 1 ama . ib^m (u-t- v -f* a) ' 

quarum formularum rursus prima el quarta in se ductis ac per .secundam et tertiam di- 
visis, extractisque radicibus, provenit ; . ’• . 

Q(u — ») . Qfr— ») . ■ 

f' |t — k , wn , am(u-t-*) . »in’ am (\ + a) J ( 1 — k* *in a am a . sin*ani(ti-$rv— -a)J 
’ M — k’»iu’am(u — i) . <iD*ain(v — a)1|l — k : «in’am» . «in , *ni(u-f.v-t-a)| ‘ 


— - — -v • \ • — -/ii * — » ■ • «•« «**« v** T » T*/ i 

ipsis «lemcntis cognoscatur, quomodo expressiones 2), S) altera in 
ari liossiut, adnoto seauciitia. 


Ut ex ipsis r 

ram transformari possiut, adnoto sequentia 

Ubi in formula, inm saepius adbibita: 


alte- 


sin im (u -p T ) • «nam(u-»v) i 


*in*am u — »in’ am v 
1 — k* «u J aniu • »in 1 antv 


loco u, v resp. ponis u-t-v, u — v, prodit: 


sinam 2 a . sinam 2 v = - fu + v) - .in’.m (u - v) 

i — k*ain r am (u-f-v) . *ia*am(u — v) 


Porro dedimus formulam : 


»in , ain (u -f - T ) — «n , »m(u — ») ; 


4 «in am u . cos am » . A am u . sin am v . cosam i , da 
1 1 — k* ain* am u ain*am r [* 


unde multiplicatione facta , obtinemus: 

4) ) - 4 » inan>u .cmamu . d.mu , ainamt , <*>,«, „ f . 

. sioainiu . Mnam 2 v fl — k*«in*aniu . 5o*ainv? ~ 

f t — k’ «in* am u j f 1 — k’«in*auiTj 

1 1 — k*a»o’amu . nn*amvf '* 

cuius formulae beneficio formulae 2), 3) iara facile altera io alteram afunnt. 

E formula 4) adhuc deduci potest haec geucralior: 

5) (t — tSi^ amn • nV»w y| f 1 — k*ain*am u’ . sin’ am v’| 

1 1 — k I «in*azn u . ain* atnu J (1-— k*ain*am v . aio , am 

r H — + . sin* am (a u') } 1 1 — - k* sin* ara (v -p V ) . ain^mfv — v)J 

1 1 — k a sin* aui (u -p ▼) . atn* ara (u — ▼) J J 1 — k* «in* am (u’-p v*) 7 *in* »01 («i— V> | ' 


r •’ 

*) Nou enim «I fonnnl..: ain.mfu = A am n 

1 — k*tin 4 an« u 
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At Cl. Legcndre eo loco, quo de Additione Argumenti Amplitudinis agit, (Cap. XVI 
Comparaiton de» fonction» tlliptique » de la troiaiem « e.ipece) «aut, quae sub signo loga- 
ritlimico invenitur, quantitatem sub fbruta exliibet hac: 

1 — - k* >io am a . sin am u . sin am ▼ . sin aiD fu -f- v — a) 

I «+* kT sinam a . sio ani u sin ani y . sin?i» (u«f- Y-f- a) * 

quaut non primo intnita- patet , quomodo cum expressionibus a nobis inventis sive 2) sive S) 
conveniat. Transformatio satis abstrusa hunc in tnodum peragitur. 

K formula elemenl&ri, cuius frequcntissimam iam fecimus applicatiouem , fit: 

•’ »"> ( — y— j ( ~j— •) 


mi im u , sin am * = 


sin am a . sin am (u -f- r — a) = 




quibus in se ductis aequationibus, prodit: 

{l _ k’ «»■ .n, pilV^S- (^=1) .,V«> (^±1)«.' ani (^±1 - .) } X 

jl — k , *in»ma . «insmu . liaamv . *in»m(u-pv — a)l 

_ k. ( Jl^L) _ , in .,n, (-S=L) } {^. n , ( JLt!_) _ ( -i±l. - .) } . 

I 

Altera aequationis pars evoluta, terminis 



[V' 


\ * /l ' 

l • * v 

\ t h 


f U — V 

1 f “ + * _ A' 

1 • U l 1 ■■ ^ 1 |>IM #»u | 

us, fit: 

1 * i 


/“+▼ \ r « /'* — 




— 1 sin’ 


fu — v' 

H"’*"' (Ji+1 
1 f^±l _ ,U 

v t / ' 

^ 1 1 __ L* arn 1 

l * - 

fu — V 

— i > \ i — ■ * in l 

[ t , 

1 Vi 
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unde tandem prodit: 



1 • * /**“"*) 
(irl arn 1 

i 


1 am i i 

1 

1 — k* siu* am | 

f u + v t 

1 * ) 


jl — k'«nam» , sinant u . linamv . siuam(u-f- v — ai* 


i - k* sin* am / 

L:-..„/ u + t 1 

\ f ; 

‘1 

1 — k’ «ia* ani ( U _~^ V 1 


V 

1 “ ‘) 


Hinc mutato a iu — a, eruimus: 


1— - k* |jn* am * 

| iin* am | 

f u -M 

y * / 

1 i ) 

1 — k 1 sin*am j 

/ u-t-v 1 


( * ) 



1 — k* sin*am 


. sia mii a . sin am v . *in im (u «f* r -p») j 


1 — k* sin* am | j sin* am ^f~ V . -f- a J 


unde divisione facta: 


t — k 1 sia am a . sin ama . sinam v . iinant(u-j>v — a) 


1 — k* ain am a . sin am u . tinam r . 

. sinam (u + Y + a) 

. • ». 


f _ ,) 

1 k* ain* »m f w *^~ v 



i * / 

V 2 j 

t g T »1 


f u+v + .i 

' ”rin*.'m^“ + V 



[t T V 


)“ (~ 5 ) 


quae est transformatio quaesita expressionis a CI. Legendre propositae in expressionem 2) 

Formulam 6), posito u, a, t loco li±L, ita qil0(|ue Kpm . 

sentare licet : 

* *— • k* am am (a -p u ) • u) . sinam(a*pv) . sinam (a — y) s 

* t — k > ain 4 am a } fl — V si^am u . sin*»m t | • 

1 1 — k* sin*am a . ain 1 imujf 1 — k* sin : ama . sia 1 am v) * 

unde formula 4) ut casus specialis fluit, posito u = t. 
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55 . 


-y- lo « 


T'°* 


K formulis §' antecedenti* l) , ?), 5), 7) sequitur: 
i) n(a, •) + n(v, m) _ n(u+«, .) = 

»•.„ (.=+* + ,U 

Jl — k , *in*»ln | . «in’»m | a J l j l — k’ liu’ lln | — | ^ — »j j 

M — ■ k* «n* im (m 4~>) ♦ >in* arb (y -f- »)| f 1 — k*«n ~ am a «io’ am (u 4" v — a) J 
jl — k*sin*am (u — a} • sin* acu (v — *)| f 1 — k*siu’ama siu J am (u-f* v -+-»/! 


1 | I — k 7 sin am a . linam u . sinam v . sinam (u4“V — a) 

2 1 -f- k’ *in am a . sinamu • sin am v • waam{u*f v*f a) •* 

quod est theorema de Additione Argumenti Amplitudini». Prorsus eadem methodo investi- 
gari potest alterum de Additione Argumenti Parametri , at ope theorematis de reductione 
Parametri ad Amplitudinem, quod nohia suppeditavit formula 4) §. 52: 
tvj n(», >) — n(», «) = >ZH — 
e formula l) idem sponte fluit. Etenim e IV. fit: 

n (a, u) — n (a . >) = > Z (u) — u Z (a) 
n (b, u) — n (u, b) = b Z (u) _ u Z (b) 
n(*+b. a) — n(n,u-pb) = Z (u) — uZ(»-f-l>), 

unde: 

n(u. ») + n(u. b) — n(u. »+b) b 

n(., u> ■+• n(b, u) — n(a + b. o) + u!Z{«) + 7.(h) — Z(, + t>)!. 
sive cum sit ex i): 

n(«, o) + n<b, o) — n(s+b, n) 

porro e II. : 

Z (a) Z(b) — Z (a-f*b) = k’iin»Bta . un am b . ain am (a-f - k) , 

fit: 

• 2) M(u, a) + n(a, b),— n(u, *4-b) = 

, . . » , , , l . i — k 9 *inama , «nana . linamb . sin am (a 4-b — u) 

♦ k sin am a sin am b tm am (a4* b) • «a H lo$ . 1 — . — _ . i i 

z 1 4 “ k • sui am u . ain ac» a . sia am b . sin afn (a 4 * b 4 * H ) 

quod est theorema quaesitum de Additione Argumenti Parametri. 


1 i»— k’ sinam u. sinam a. sinam b. sinam (a 4* b — u) 

2 I4*k , *in«nt u . sin ai» • . sia am b . s«n am (a 4~b4~u) 
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Alia» eruimus formulas satis memorabiles consideratione sequente, 
theoremate 111: 

I Qfu — >) . @(t — b) |*_ e(a-fv— s— b) ■ 0 (b^tT — »-fb) 

i 0(0) ~ / 1 — b ? sin »ra(u — »). ain* jm (v — b) 

| O(u-t-s) ■ B(v-)-b) |' __ 8(o-t-*-f»+b) .Q(u— r-fa — b) 

\ 0(0) | ™ 1 — k’«n'*in;u-t-«) . nn* am(r-t-b) 

- ■ * + ■ , 

Iam e theoremate I erit: » 

1 0 (u — a) . 0 (v — b) 

n(«..) + n{», b) = uZ(.) + TZ(b) + — iog.-^-— 


Fit 


n (o+T , »+b) + n (a— T . •— b) — (u-H) Z (a+b) + <o — V) Z (.-b) + i. |«g . 




.0 tu- 


mide : 


5) n(u+*, i+b) + n(«-jr. >-i) - tn(u, •) - in(», Ii) = 

(, + v)Z(. + b) + (u— »)Z(»-b) - *uZ(.) — t v Z(b) -f- 

1 1 — b» «n* «n (u — s) . »in*Sm (t — b) 

T ,Bg ' 1 -*-k’»in’am(u+<) . sin' mi {» -f-b) ’ 

. 

sive cum sit: 

Z(,) Z(b) — Z(a + b) = 1’sinama . sinamb . ain an (a^f-b) 

2 ( 4 ) Z( b) — Z(a — b) = — b’«n am a . sin ara b . «nam (a — b) . 

prodit 2), S): 

4) n(u + v. a+b) + n(u— V, a — b) — *II(u, a) — tn(., b) =r 

, —V' linam a . sinam b (sin am (a+b> . (b + t) — «nam (a— b) . (u— v){ 

1 1— — a)«n’am(v — b) 

“1" * ' 1 — b’ aio’an>(u + a) sin 3 am(v + bj 

Commutatis inter se u et r, obtinemus: 

' ■ • 

$} n(u-f t. a+b) — n(u— v, a— b) — * 2n(v. •) — f n(u, b) «r 

— k’ sin ama . sinamb {sin am{s + b) . (u+v) + «nam (a — b) . (o — t)J 

1 1 — a) . iin*am(u — b) 

2 * 1 — k^ak^am^+a) . ain 1 am (u b) 

Addit» 4) ct 5) obtinemus: 

6) n(u + r, a+b) — n(u r a) — n(a, b) — ri(v. a) — n(v, b) — 

— V’ sin ama sinam b linam (a + b) . (u + v) .» 

1 f 1— .k* Mn*a n»(u — a) — b) 1 — k* «in* am fv — a)ain’am(o — .b) | 

l— -k*sin*»m(n+a) si«*ain(*+b) 1 — k’sin’ am (v + s) sin* arn(u + b) f' 


enim t? 


H-b) 
— b) ‘ 
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Posito v ss 0 , e *), 6) prodit: 

7) n(tt, a + b) + n(u, a — b) — *II(u, a) = 

- k' sin a tu a sin am b | sin am (a 4"*») — «n »«** (* — *>) J u 4" l°g • 

8) n(a, * 4 -i») — n(u, •— b) — tn(u. b) = 

— k*sin ama sinant b (sin am (a 4" b) 4" «nam (a — b)Ju 4" -j- lofj • ■ 

Posito b=0, ei), 5) prodit: 

9) n(M + t, a) + n(a— v. a) — *II(o, a) = -i-lo* . - 


— k’ sin*am b sin 1 am (u— a) 

— k^in^anib sin* ani (u4"*J 

— k* si n’ am a sra 5 am (u — ^ 

— k 1 sin , am a sin’ am (u 4“^) 


— k* «In* am v sin* am (u — a) 

— k* sin* am t sio* am (u 4» i) 


. . v . a _ . . 1 , 1 — k*sin*amn . sin* amfs— ») 

10) IT(u+t. a) — n(u — t, a) — *n(T. a) = — Io*.- rr-r-; — — — — . 

2 1 — k sia’ am u . sui am (t 4- a) 


REDUCTIONES EXPRESSI0NU3I Z(in), 0 (iu) AD ARGU3IENTU3I 
RE ALE. REDUCTIO GENERALIS TERTIAE SPECIEI INTEGRALIU3I 
ELLIPTICORUM, IN QUIBUS ARGUMENTA ET A3IPLITUDINIS 
ET PARAMETRI IMAGINARIA SUNT. 


Revertimur ad Analysin functionum Z, 6, quarum insignem usum in theoria no 
stra antecedentibus comprobavimus. Quaeramus de reductione expressionum Z(iu), O(iu) 
ad argumentum reale. Idem primum signis Cl° Legendre usitatis exequemur, deinde ad 
notationes' nostras accommodabimus. 

Novimus in elementis §. 19. png. S4, simul locum haljere aequationes: 


d V i d U* , 

.in V = i tange-. W - «ICf. 1% 


Hinc fit: 


J» . &(<r) 


id *:< (l -+- k k ir 1 t>) i do . A(C', b*) 

cos* 


unde integratione facta : 
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I) K(y) = > k’} -f F(y. k') - E(v. k')J« 

Multiplicando per — ^r~TJ et i nle g rant l 0 eruimus: 


Ex aequatione l) sequitur: 

— F 1 E (y) — E 1 F (y) _ k) _ pigff, k') + (E*_K'jF(«., k')}. 

iam uduotetur theorema egregium Ci 1 Legendre (pag. 61 ): 


K 1 !'^) + P‘(k')E I _ F^tk') s=— 


unde: 


F‘E(M-, k') + (E‘-F*)F<*. V) = (f* (k'} F. (>/> , k') - E^OFfV». k*)} + 

F‘(k’j 1 ’ JF*(k') 


id coque : 


S) 


F'Enr) — e’f( 

i F 1 


= u.Ato. k’) _ ^ O 

F‘(k-) *F'F‘(k'j 


E notatione nostra erat : 

<f> ss am(to), \f/ = am (u, k') t 'F (<p) ss. ia, F{^, k') ss u ; 


porro : 


F’E( V )-E>F(r) ,, V F 1 (V) E (e> , k’) — E' (k') F fts , k') ... 

- Z(.».k), - r — = Z(u,k), 

t * 

untle aequatio S) ita repraesentatur: 

4) i Z 6 u . k) =t _ lg im (u , k') A am (u , k') ■+• jV^. + Z (o , k') . 

Hinc prodit integrando: 

u <1 

'Jy d u Z (i u , k) k logcoumtu, k') + + P Z(a. k')«to. 
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sive cum 


»it ^/.luZ(u) = log •§•!£: 


„ ©(in. k) *KK' , ©(u.k') 

S) •gv-r = * €»"»(». k) ■ 


©<0. k) " 0(0. k') 

Formulae 4), 5) functiones Z(iu), 8(iu) ad argumentum reale revocant. 


57 . 

Mutetur iu 6) u iu u -+- 2K', prodit: 

0(iu4-SiK') atitk 1 , ... - _ 

. s — e coi im{u, k ; - — nr- = — t 


0 ( 0 ) 

sive posito u loco iu: 

*(K*— in) 

1) ©(u+tiK') = — « K ©(u). 

Tonatur in 5) u -+- K' loco u : cum sit 

k tinam (a, k*) 


0(i», k’)* 5 

0(0, k*) 


K 0(iu) 
00 ■ 


eoum (u -+-K\ I/) = — 

g(u+K k') 


Aain(u, k') 

. 0 (u , k') , v. §. 63. 9) 


prodit: 


/T 

«(n + 1ty 

© (i n + iK') 4KK' r-T . ^ ©(«. k 1 ) 

- ©W ~- = - e v k ««««"(«. k") 

*(*“+*') 

4 K rr- . ... 0 C>«) 

«= — • y kt g im(o.k)-^-. 

unde posito rursus u loco iu: 

»(K' — 2i») 

*) ©(u + ilO = i« 


* ^ y'T *io im (n) © (n) . 


•) Fit enim 0(a + tK, k) = 0(n), idroque eti»m 0(n+SK\ k') = 0(u. k') . 

X 2 


Digitized by Google 


164 


Sum lis logarithmis et differenliando, ex 1 ) , 2) prodit: 
») Z(u+*iK’J = + Z(u) 

4) Z(t. + i K’) = — + coigam (u) A at» (u) -j- Z (u) . 


Posito u = 0 , ex l) - 4) fit : 


*) 


trK' 

!0(*iK') = — e K 0(0), 0(iK') = O 
|Z(SiK') = 0 i Z (i K') = oo . 




Formulae l), 2) egregiam inveniunt confirmationem e natura producti infiniti, iu quod 
functionem © evolvimus: 


6) 


0 ( 0 ) 


(1— 2q»co,8 a4.q«) (1 — iqtcoaia+q 1 ») 


Kl-qt»»»)(t— q' e .i«)(t-q. t .i«) ■■){(l-qe-«l»)(l-,»e-»i») 
|(l-q)(t_,*)(i-,*) 


x ) ..J 


Ubi enim mutatur x in x -I — ~ > V 10 facto abit e 1 * in qe iJt , abit productuin 

|(l — q e* l*)(i— qi e »Ixj (!_,•,« IX) , , .JJ(l_q e “»i*)(|_,l t -«l*)(l_ q . t -.i*) . _ j 

in hoc: 


-^ nr J(l-q«*'»)(t_,«..l*)(t_^,.i«) ...){(l-q«->i*)(t-ql«— I*) .*j .. U 

unde : 



Mutato vero x in x -+- —- K - , abit e ,x io unde productum 

|(l-q«»l*)(l_q>..lX)(l_,. t .lX) ... JJ(t_qe-»'*)(l -q'.'*i«)(l_,.«- t i») ^ 

in hoc: 

f 1 — e ~’ '*) 1(1 — q'«*i*) (1 — q* e* 1 *) .. .)((!— q*«-»'*)(l — q*«-*lx) ...| = 

-^.Jaina (t — * q*coiSi + q*) (l — * q«co.J i + q‘) (1- q- c o.J a + q'*) 
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At dedimus 6. 86 formulam: 

* . 1» * 

* Si I f y <[ *in 1 (1 — i q* eo» 1 1 + (]♦) (1 — tuScmti + q*) 

" Da,n rr — ' (I— * .J coi 2. -f- 1)^(1 — 2q’coi*»-(-q")(l— i <J> coi2 1+ <l‘ , 7 . . . 

uude videmus , fore: 

. /~ r - . *K« / «k. , 

i V k im ■ ■ ■- 0 | I 


8; ®(^ 1 + iK ') := 
Formulae 7), 8) autem posito 
E formula 9) §. SS : 




SKi 


~ u cum formulis t), 2) conveniant. 


9(u + K) = .8 (b). 




posito iu loco u, sequitur: 


0(iu+K) 


A «m (u , k') 

yOt 7 co* arn (u , k') 


- . 0 (i u) , 


uude e 5) §• 66 : 


6(0) 0(0, k) 


sive e formula allegata 9) $. 68 : 


9) 


©(!■+*) _ »(n+K'. k 1 ) 


0TO 


0(0. k') 


Hinc sumendo logarithmos et difFerentiando obtinemus: 
10) iZ(iu + K) «= + Z(u+K\ k') . 


58 . 

Formularum §§. 66. 67 inventarum facilis fit applicatio ad Analysin functionum 
n casibus, quibus Argumenta sive Amplitudinis sive Parametri sive utriusquc imagi- 
naria sunt. 

Demonstremus primum, expressionem n(u, a-f-iK') revocari posse ad n(u, a), 
unde patet, posito n = — k s sin’ ama, integralia 
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n t r> 

/ ' jy p i<r 

{*+» jin*y|d( T .) 'J 


alterum ab altero pendere ; quod est insigne theorema a Cl. Legendre prolatum (ap. XV. 
Invenimus : 


n(u, , + iK-) = uZ(, + iK') + ±iog-£ii_ u ±l£L 


Fit autem e i), 4) §. 57: 

0 (a — n ■+■ i K') 


0 (a-f-u ^iK) 


» (a — u) © (a — u) 


sinam(a-f-u) 0 (a + u) 


— Ijtu 


uZdfi &') = “ cotg amiiinu +uZ(a), < 


unde , termini» 


se destruentibus : 

in X K 


!) n(u, a-j-iK) = n(o, a) -f- *» cotg ama A ama — log — — — 

x aio ani (a-f-u) 

- * r x 

Ponamus in hac formula ia loco a, iit: 

'j : ■ • < z_ 

— i A iin (a » k') 


cotg am (ia) A am (ia) = — 


sin afn (a , k') coj am (a , k*) 

«in am (i a — u) Aamu — cotg «m fi a) A am {i *) tg am u 


sin am (i a -J- u) Aamu-|-cotg atn(ia) Aani (ia) tgatnu 

sive posito brevitatis gratia : 

Aam (a, k') 


sinam (a, k') cosam (a, k') 


■ = /*«. 


fit: 


sinam (i a — u) A am n 4* i p at tg am u 

sin am (i a -f- u) A am u — i p at tg amu 

unde l) abit in 

„ n(u, i.-fiK') - n(o. i.) 


— . u 4- Arc. tg . 


p « tg am u 


tjuae CUtn formuln F) a Cl. Legendre exhibita convenit. 
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Alias formulas , pro reductione Argumenti imaginarii ad reale fundamentales , ob- 
linemus e 9), IO) §. 57. Quarum primum observo hanc, qua Argumenta et Amplitudinis 
et Porametri imaginaria ad Argumenta realia revocantur: 
i) n(i., i.+K) = n(u, »+k - , i"), 
quae bunc in modum demonstratur. Fit enim: 

nfl», i.+K) = iuZf,,+K) + 4-tog ■■ 

* (-) (1 a + 1 u + k) 

porro e 10) §. 57: 


iuZ(i.+K) 

" *KK' +“ Z C + K’-k'). 

9) §. 67 : 

*(*-<•)’ 

0 (ia — i u -f* K) 

_f k 4KK' 0(. — u + X',k} 

0(0, k) , 

V k' * 9(0, k') 


»(» + “)’ 

«(i. + iu + K) 

f k 4KK' 0(. + o+K', k^ 

0(0, k) 

V k' * 9(0, k') 


unde : - ‘ 

— ir.u 

9 (i.— ia + K) _ KK’ 9(. — u + K‘, k*) 

«(U + iu + K) ®<. + u + K', Pp 

ideoque, terminis -j^r — - se destruentibus, 

nr.u, i.+K) = .z(.+k’, k-> + -f log ' Q(l+ux!e; ' ii " n( v *+ K \ k ’ )> 

quod demonstrandum erat. 

Mutato in l) a in — ia, prodit: 

*) n(ia, «+K) = — n(«, t.+K', k'). 


Formula l) facile etiam probatur consideratione ipsius integratis , per quod 
functionem tl definivimus: 


n(u, •) = J % -— 


k’ sio am» . couma . A ama . »in , am u . du 


1 — k* «n 1 am a . *in’ im v 


f 
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unde : 


II|ii 


. U + K) = J' 


ik*siitan»(ia-j~K) . cosam(ia-f-K) . Aam K) . ntr* am(iu) . tlu 
1 — k 7 *in T ani(ia-)-K) ,'iin'im (io) 


Fit enim e formulis §‘ 19: 

sin am {ij-j-K) = sin eoam (i a) = 


A eoam (a , k') A am (a -f - K\ k') 


cosam(iaH-K) = — cos eoam (i a) = — ^-co*eoam(a, k*) = cos a*n(a+K/, k') 
A am (ia-f-K) = A eoam (ia) = k'*incoatn(a , k') 5= k' sinam (a-f-K', k') , 

unde: 

i k k sin am (i a «f- K) cos am (i a + K) A am (i a + K) = 

— k'k' sinam (a-f»K' t k*) cosam (a + K. k') Aan» (a^*K r , k'). 

Porro fit: 

sin* ain(iu) — l^sin (u, k*) 


1 k' sin* an» (i a ■+■ K) sio’ am (i u) 1 -f* A* »m (a -f- k*) Ig’ am (u , k*) 

— sin 4 am(u > k') — sin 5 am(u» k‘) 

cos* aut (u, k') -f- A 1 ani (a-f*K\ k') ain l am(u, k J ) 1 — k'k' sin’ am (a -f- K\ k') sin* am (u , k*) 


II (io. ia + K) s=£ 

k’ kiin am (a -+-K\ k*) . cosam (a-f-K*, k*) . A aro k*) . sin*am(u, k f ) . d u 

1 — k'k'sin*am {a-f“K r , k*) sin 7 ara (n. k') 


unde: ' 

u 

I- 

0 

1 •; - 5 t 

sive : 

* . •*. • - 

n (i u , ia-f-K) = n(n, a+K\k'). 
quod demonstra udum erat. 

E formulis 9), 10) §. 67 simili modo atque t) comprobare possumus formulam se- 
queutem, quae docet, functiones binas Argumenti imaginarii Farametri, quarum Moduli 
alter alterius Complementum, ad se invicem revocari posse: 

5). infa, i» + K) + in(», iu+K', k') = 

+ <iZ(a + K'. k') + »Z(b-)-K. k). 


, 2KK’ 


Fit enim: 


in { «, i.+K) = iuzr..+K) + • 


in(s. »*) “ »8 Z(i u-pK\ k f ) ■ 


i , 0(iu4K’— 8, k') 

t °® ' efiu + K'4-a, k'; 
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lam fii : 

»[i. + K— m) 


*(» + '«)’ 


,+K— u) _ 0Ji(« + iu) + K| _ _ / k _ 4KK 1 ®(» + iu-l.K', k') 

»( 0 ) = §lqj ~ V k' ' »( 0 . H] ! 

*(•—* iu)* 

0(ia + K + n) ©[• (» — iu) -f- K J VT 4Klv ©(• — iu-f K', k') 

em ~ »(0) = V r e 


0(0, k') 


unde cum sit 6(u-f-K) = 6(K — 0 ) : 

iira n 

©{ia + K-.«) _ KK r 0(iu + K'+a, U*) 

0(i*-f-K + u) — * efm+K 1 — i,‘V> ’ 

• • . ;* * / 

ideoque: 

i 0f»i + K — ii) »" 9(iB + R'— i,k') irau 

~t °®' ®(i«+K + ii) + * °*' 0(i.+K'+., k") — — *KK’ ' 

Porro fit: 

* . •!_ . ' 

UZP. + K) » + .Z(.+K\V) 


i«Zpn+K\ k") = 


tKR' 


+ ,Z(. + K, k). 


unde : 


in(o, u+K) + ;n(.,ii.+K'. k*) = + bZ(.+k', V) + »z(«+k, t); 

q. d. e. • . • - 


60 . 


Patet e formalis: 


•in»m(K+iu) bb — A eoum (u , k') 
sinam (u+iK') = — . ■ 


k sin im u 


Argnmeutnm u, quod, dum sin nm u a 0 usque ad t crescit, a 0 ad K transit, ulii 
siu am u a 1 usque ad — crescere pergat , imaginarium indaerc valorem formae 
K -t- i r , ita ut simu! r a 0 usque ad K’ crescat ; deinde crescente sin am u a -J- 

Y 


Digitized by Google 


1 


170 


usque ad oo , induere u formam v -p. i K' , ita ut simul v a K usque ad 0 decre- 
scat *). 

Hiuc videmus, siquidem in tertia specie Integralium Ellipticorum, quae sche- 
mate contenta est: 


/ 






ponatur, uti fecimus, n =? — k 1 sin’ ama, quoties sit n negativum 
inter 0 et — kk, poni debere n = — k’ sin’ ama 

kket — 1, - n = — k’sin'am (ia-f- Iv) 

1 et — oo , - - n = — k’ sin' am (a i K - ) , 

designante a quantitatem realem. Porro cum sit — k k sin’ im (ia) kk tg’ am (a , k'), 
patet, quoties sit n positivum quodlibet, |K>ui debere: 

n = — k k tin’ am (ia). 

Hinc quatuor classes Integralium Ellipticorum tertiae speciei nacti sumus , quae respoudcnt 
schematis, quae Argumenta iuduuut 

1) *) i. + K, 9) a-fiK'. 4) ia, 

quarum tres primae pertineat ad n negativum, quarta ad positivum. 

At per formulam 1 ) § 58 videmus, functionem n(u, a-f-iK') reduci ad n(u, a), 
sive classem tertiam , in qua n est inter — 1 et — oo , reduci ad primam , in qua n est 
inter 0 et — kk. Torro e formula ll) §. 5S **), functiouem n(u, ia) semper reduci 


•) Obtinebitur simul : 
sin am u = 0, 


1 


0, 


/~t-K 

K 

___ 


■ i. 


✓ k 


1 • / T5 

-g — . — V 1+k . 00 


K» K-f-iK, 


-+iK 4 , iK'. 


••) Haec formula scilicet, posito ia loco a in sequentem abit: 
IT(u. ia + K) — n(u, ia) 


— * -+■ \rc tg {* sin am u . sin eoam u{ , 


siquidem ponitur u — 


Ic k tg am (a . k') 

A am (a , V) ’ 


Quae facile per formulas dementares J 1 19 succedit trans for- 
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ad n(u, ia-t-K), !>ive classem quartani, in qua n est positivum ad secundam , iu qua 

n est negativum inter — kk et — 1. Unde inm nacti sumus theorema, propositum 

• * • ** 

integrale 

i'( ■ 

J 1 1 -f- n »««•’ V | ^(V) 

0 

quaecunque tit n quantitas realis positiva seu negativa , semper reduci posse ad integrale si- 
mile, in quo n negativum est inter 0 et — 1. Quod est egregium inventum Cl' Legendre. 

lam vero consideremus casum generalem, quo et Amplitudo et Porameler formam 
habent imaginariam quamlibet : constat, eum casum amplecti expressionem 
n(u+i*. .+ik). 

designantibus u, v, a, b quantitates reales. At e formulis §' 55 videmus, eiusmodi ex- 
pressionem reduci ad quatuor hasce: 

1 ) n(d, *) n(ir. ik). 5) n(u, ik), 4) n(iv,»), 

vel, si placet, ad qoatuor hasce: 

1) n(o, » — K), i) nf.v, ib+K) 

. sj n(u,ik+*). 4) no», »— K). 

Generaliter enim expressio n(u-f-v, a -+- b) iu expressiones n(u, a), n(v, b), n(u, b), 
n(v, a) redit, e quibus quatuor propositae prodeunt, siquidem loco v ponis i v, loco a, b 
vero a — K et K-q-ib. Porro e formulis 1), 2) §' 69 fit: 
nf.v, ib+K) = n(v, k+K*, k’) 
n(iv, »— Kf= -n{T. is + lC, k'), 

unde expressiones l), 2) classem primam redeunt n(u, a), expressiones 3), 4) in clas- 
sem secundam n(u, ia-+K); id quot! nobis suppeditat 

THEOREMA. 


Integrale propositum formae 

a 

r 5»y 

J (1+Diin’if) 



0 

quodcunque sit n et (p, sive reale sive imaginarium , revocari potest ad in~ 
tegralia similia, in quibus et (p reale et n reale negativum inter 0 et — 1, 

Y 2 
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E hoc theorema (lehetur Cl° Legeudre , nisi quod ille reales tantum Amplitudine* 
contemplatu* t»it. 

Formulis 4), 6) §.66 reducitur n(u-t-v, a-4-b)-4~n(u — v, a — b) od n(u,a) 
et n (v, b), n (u-|- v, a-f-b) — n (u — v, a — b) ad n(u, b) et IJ(v, a). Hinc pa- 
tet, posito 

n(u 4* »* •+»!») + n(u— iv, i — it) = L 
nCu-i-iT» *~Hb) — n(u — iv t a — ib) __ ^ 
i 

pendere L a functionibus n (u, a — K), n(iv, ib-t-K), M a functionibus n (u , ib-4-K), 
n(iv, a — K), ideoque redire L in classem primam, M in classem secundam. 

Haec sunt fundamenta theoriae tertiae speciei Integralium Ellipticorum, e princi- 
piis novis deducto. Alia infra videbuntur. 

FUNCTIONES ELLIPTICAE SUNT FUNCTIONES FRACTAE. 

DE FUNCTIONIBUS H, 0, QUAE NUMERATORIS ET DENOMINATORIS 

LOCUM TENENT. 

, / r . . 

61 . 

Evolutiones §. 35 exhibitae genuinam functionum Ellipticarum naturam declarant, 
videlicet esse eas functiones fractas, ut quas iam ex elementis novimus, pro innumeris Ar- 
gumenti valoribus inter se diversis et evanescere et in infinitum abire. Iam antecedentibus 
ad functionem delati sumus, quae fractionis, in quam evolvimus ipsum sia am -*** = 

1 «««(1 — tq*io»ti + q , )(t — tq* co»r»-t-n*)(l — >q*c<«ti^q") . . . 
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erit : 


*“ Z = ~r~ • TTkTT” ' 

X /T ®(— ) 

Reliquis advocatis evolutionibus §. 55 traditis, invenimus: 

r “("M 


IKi / * 

— - V V 


(“) 


^ ain 


«» _ /jr _} - 


, IKi 

unde posito — - — = u: 


1) lia xm u 


1 H(u) 


Vr 




®(u) 


■ ■ - , - i tu» *» 

/T «(•> 

<■ . . r • 

Hinc fluunt formulae speciales: 

q «<k) - hoc) = «<*>• 

Posito H' (u) = cum sit: 

JT(«) = eoiaai u lisaiu 8(a) ■+• /T «tnam o & (u) , 

pro valoribus u=0, u = K obtinemus: 

s) tf (0) — /T » ffl g ~ Tk) ~ “'W =■ e (k > = 0 *>*. 

. » i *’ ' ' 

F. 2) sei|uitar adhuc: 

r— H(K) rrr »«>) 

4 > V k= eW 1 /l= B(K)' 

Ceterum fit : 

5) 9(o + *K) = 0(-«) = «(»> 

6) H(a + *R) = H(-u) = -H(a)i H(u+4K) *= H(u). 


•) Fil enim Z(K) s* 0, unde eliem 0 '(K) = ®(K) Z{K) _ 0. 


e(u-t-K) 

0 (u) 
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E formula 2) §. 57: 

*(K' — <»u) 


0(b+-.K') = i. 4K 

V^T" lio aitt a , 

• * 


sequitur : 


' 


?r(K' — ti v) 




7) W (u -f- i K*) *= i • 

H(u). 




Mutato in hac formula u in u-t-iK', et advocata t) §. 57 ; 

»(K'— iu) 

8) = — e 0(u), 

prodit: 

*r(K' — 2 i u) ♦ 

. . Air 

9) H(»+iK') = U 0Cu) ( 

unde rursus mutato u in u -t- i K', e 7) : 

10) — « K 11 (u) . 


E formulis 7) - 1 0) derivari possunt generaliores : 



rru U 

«(o-t-tmiR') 1 


4KK' 

tKK' 

11) 


0(o) e» (— l) m e 0(u-f-*miK’) 


rruu 

ir(u+2mi tt')* 


♦ KK 7 

.. „ tn 1 

1« 

e 

H{u) = C— I)" e H (u q» t m i K') t 


truu 

«(ll-H^■n + l}iK') , 

18) 

4KK 

e 

Airir' 

H(o) * (—;)•“•♦•« 0(o + (*m + l)iK') 


truo 

»(« + C*m+I)iK)’ 

14) 

4KK 

c 

4 K K' 

®(u) = (—.)•«»♦•« H(ii + (Jm+l)iR'). 


E 12), 15) lit: 

15) 0((*tn + l)iK) = 0-, H(*roiK) = 0. 


Formulae 5), 6) demonstrant, functiones ©(u), H(u) mutato u in u 
formulae tl), 12), functiones 


4K. 


♦ KK' 


»(«). 


4KK' 


H(u) 


■v 


i 
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r 

mutato u in u-f-4iK' immutatas manere; unde illae cum functiouiLus Ellipticis alteram Pe- 
riodum realem, hae alteram Periodum imaginariam communem habent. 

' x * ■ ■ * , ' 1 f ' V ‘ ; 

E formula 6) §. 66 : 


0(i«,k) 4KK' , . 0(u, V; 

• = e eoa ani (u , k) 


«(0. k) 


«(0. 1') ’ 


sequitur : 


rru u 

Hf.u.k) _ rr ■ . , xx 0(i«. k) . TkF /v_ »(•, k’) 

✓ kk.n.mcu.k).^-^- 


unde e 1 ) : 




“MU 

,e, 8 (■ “ . k ) _ ./ k" 4K K’ H(u + K\ k') 

■ 0(0, k) V-k'* ’ 0(0- k') 

JfUU 

.» H(iu, k) ,_/r TkW H(ii, k') 

' .0(0, k) ~ 'V V * ' 0(0. k') ' • 

f 

E 16) sequitur, mutato u iu iu, et commutatis k et k': 

WOU 1 -J P’ - r > .1 *- r 

181 H(iu + K,k) f k~ TSTT 0(u,k') 

’ 0 (0, k) V k' * 

cui adiungatur 9) §. 57 : 


‘ 0 (0, k') 


19, «f"**- *■> -A 

* 0(0, k) V f 


4 XX' e(u + X'. k') 


« (0, k’) 


K formula supra inventa : 

0' u 0’» 


0 (u + v) 0 (11 — v) = 

sequitur: 

K>) 0(u + y) 0(u— ») = 

Qua ducta formula in 


(t — k’ «in’ mu . ,in : am r) , 


0'O 

0’o 0 ’t — H’u H*v 


k ain am (u -(- ») linam (u — y) 


0’O 

K 

k «io 1 ain u — k ain’ am v 


prodii : 


*!) H(u + r) H(u — t) = 


t — k*liii’anni sin’imv 
H’u 0’t _ 0’u H’y 
0>u e>, _ H*u H’y ‘ 

H’n 0>» _ 0’u H’» 


0’(O) 


Digitized by Google 


176 


DF. EVOLUTIONE FUNCTIONUM H, 0 IN SERIES. EVOLUTIO 
TERTIA FUNCTIONUM ELLIPTICARUM. 


62 . 


Evolvamus functiones 


/ SK. 'i 

W \ ir / ( 1 — + — *q’co»t> + q*) (1 — 2q’cc»2 « +q") . . . 

0 TO "" (<!— ...t 

/ tKi \ 

* IT / t /^qVim (1 — 8q*co»ti + ^ , )(l — tq , co»ti4 , q , )(l — f)[*co« ■ . 


0 ( 0 ) 


in series 


>(™) 

0 ( 0 ) 

lKi 




A — IA'uiti -f- * A"co»4» — 2 A"coi6» +• I A‘”eo«8« — . . . 


/*K«\ 

H ( ) 

■ — n i. =s 2 v r i [B^iini — B" atoSi -E B " sin 5 1 — B" sin 7 z ■+• . . . ) . 


0 ( 0 ) 

Determinationem ipsarum A, A', A", A , B', B', B”, B””, .. nanciscimur ope 

-irg 

aequationum 7 )- 10) §‘ antecedentis, tjuae posito u = —7^, <| = e * in seijueu- 


tes abeunt: 

"(^T 1 ) = + ,iK ’) 

+ iK') 

Quam in finem evolutiones propositas ita exhibemus: 

•(¥) 


0 ( 0 ) 


= A — A't* lx + A'*» 1 * — A - '#" 1 * + A'”V ix — . . . 
— A'e~* lx + A'«T* ix — A”.-* 1 * + A”*-* 1 * — . . . 
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h(-£5i ) 

- J -"'— = 77 (BV* — B",» 1 » + tf" e‘i* _ B"V>« + . . .) 

® C 0 ) 

_ V l («'•-** — 8”,:-”*+ . , .J. 

Mutato x in x — ilogq, abite m,x in q m e mix , e“ mix in — ; porro j, h( * Kx ) 

itt © ( — — — ‘-4- 2 i K'J , H ( — - 1- 2 i K’ j . Ilinc nanciscimur : 

• (— ) •(« L + .,k*) 

..l,./.. - _ q e*** . _ «- 

0(0) M 0(0; 

— Aqe** x -f- A'q*«* ,x — A'q*e*l* + A'"q’ « Vilt — ... 

A" A'* A" 0 a*"-» 

— «-•** 4. i e -*i* — «- «i* 4- t "»i« ... 

V q’ q* 

. - ■ - - s — » q e a 1 x . . “ 

0(0) ^ 0(0) 

77{ff.'« — BV» ,|X + B"q»«*l* _ B~q*«’>* + . . .1 

— Y 7 {— s -11 — — e-»'* + — «-»•* — q. .. .1. 

W f i* q‘ T i 

Quibus cum expressionibus propositis comparatis, eruimus: 

A' = A q , A' = A’q\ A” = A'q\ A" = A-q’ 

B* as B*q* , B"= B"q\ B” = B”q«. B"" s= B””q* . . 

ideoque 

A* = A q . A" 5= A q 4 , A"* = A q* , A"** «Aq u ( ...-. 

IT = Bq\ B'" «= B'q*. B - = Bq*’. B'"" = Bq«, 

unde evolutiones quaesitae fiuut : 

«f— ) 

— s A(l — 2qeo*2* -f" 2q*co»4x — 2q*co«6x 4* ^'"cnsSi — . , ,J 

ttfi^-) 

■■■ ^ ^ ss 2 B'(tinx — q’ sio 3x 4* q # ***in 5* — q ,, **ln7i 4* q***»in9x — . , J 

= B’}!^ q *inx — 2 y' q 1 * siu S x -f- 2 y q 5 ‘*m5* — 4 . .). 

Evoluliones invenias alleram ex altera derivare licuisset ope formulae: 

i h (i^-) . */7 ,ix0(2£l + iK ). 

z 


4 
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In venia enim varie: 




«( 0 ) 


. = Ajl—qC»*** + «-*'*) + + 

matando x in x — ilog/Tj", quo facta e"' '**, e“" m ’* abeunt in -- — , 

in 6 - 4 -iK'j, et multiplicando per VqV*, obtinemus: 

*■(“) + 

= V q b 1 * - - ■ — — = 

rm * * ci 


0 ( 0 ) 


®( 0 ) 


AfVV (c ix — c-‘ x ) — ‘/Vc®’ 1 * — ® -,ix ) + Wm®* 1 * - t-» ix ) ■+• . . .J, 


0 ( 0 ) 


= A|iV q «n* — 2 V q“ «u3* + 2 V^q**Mu5* — , , ,j. 


Qua insuper Analysi eruimus: 

B' = a. 


63 . 

Determinatio ipsius A artificia particularia poscit. Ponamus, quod ex antece- 
dentibus licet: 

(i — tqcosSs -f- q*)(I — 2q'co«2 x q*)(l — 2q 4 co#2x -f* q'*) . . . r: 

P (q) 1 1 — 2qcos2x -f* 2q 4 cos4x — 2q*cos6x 4" 2q‘®cos8* + ♦ . ,J 

sin x (1 2 q’ cos 2 x q 4 ) (1 — - 2 q* cos 2 * -f- q*) (1 — 2 q* cos 2 x *f- q 1 *) . . . = 

P(q) } sin x — q’ '*»m3x -f- q* al stn5x — q ,a4 sin7x -f- q 4 ** sin9x — . . .[ ; 

fit: 

A = PCD 

l(l-q)(l-q')(l-q‘) . 

Expressio secunda immutata manet, ubi ducitur iit primam, et post factum productum po- 
nitur q 1 loco q. Eline obtinemus aequationem idcnticuin: 

P (t*) P(D) (•>»* — q*»in3i q"»io 5* — q’ 4 uo7* + . . .( X 
f 1 — 2q’cos2x -4- 2q”cos4x — 2q”co«6x •}■. ..) = 

P (q) f sinx — q* sinSx q* sia5x — q* 1 *tn7x + , , .J. 
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Ipsam iam instituamus multiplicationem, ita ut ubique loco 2 sin . na cos . n x scri- 
batur sin (m-|-n) x -+- sin (m — n) x : facile patet, Coelficientem ipsius siu x in pro- 
<1 ucto evoluto fore: ■, 

i + q’ + q* + q" + q* + • • • . 

ita ut prodeat: 


P(q) 

P(q)PCq’) 


t + q’ + q* + q" + q M 


At iuvenimus e secunda formularum propositarum , posito x = — : 
Id+q’) (t+q«XH-q*) • • -F = P(qU I +q’ + q* + q” + ^ + . . .1. 
unde : 


P(q)P(q) 
P(q’i P(q’) 


l( l +q’)f*+q*)(i+q‘) • ..J*. 


sive: 


« (i+q’)d+q‘)(i + q*) • • • ‘ 

* W J 

_ (i-q^a-g^g-p.-. 

(i — q*) d— q 4 ) d-q')...‘ 



Hinc e methodo iam saepias adhibita *) sequitur: 

l 

1>(<t) ~ d— q’J(t— q*)(i— q*)(t — q’) ••• ' 


Hinc tandem provenit: 

A = L ! 

(l— ,■)<!_,»)(!— q*) ... - tCl-q)(l-q>)a-q*J .. .1* 

_ (^-^qH^*+q*)(^+q 1 )(^+q , ) • •• 

“ (l-q)a-,*)(t-q')(l-s*) ... ’ 

sive ex iis, quas §. S6 dedimus, evolutiouihus: 

l /fl'K 

T * V ~‘ 

Quantitatem illam, i|uam hactenus indeterminatam reliquimus, 0(0) pona- 


mus iam: 



*) Videlicet ponendo successive (J 1 , q* t 4*. • . loco i e» instituendo multiplicationem infinitam. 

Z 2 
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invenitur : 


1) 0 1 -j = 1 - !q cos Si -f* cos 4i — !q* cos 6 x 2q u cos 8 * — ... 

8) H =: 2 y q sio x — 8 y i' linSi &V q* 1 *ip5i — 2 y q H ii#7 * 


64 . 

Aequalioucui identicam, quam antecedentibus comprobatum ivimus: 

(1 — 8 qco» 2x -f- q*)(t — Sq 1 col2x+ q*) (t — 2 q' cos 8 x q- q 10 ) .... as 
1 — Sq cos 8 s •+■ 2q 4 coltt — ■ 8q"co*6i + 2q ,4 cos8x — ... 

... . 

alia adhuc via, a praecedente omnino diversa, investigare placet. nuam in finem 
tamquam lemmata antemittamus formulas duas sequentes: 

1) (l+q*KI+q'«)(l+q**)(l+* ’»)••• “ 

q 4 * 1 q 4 ** q* 1 ! 1 


‘ + -7^ + 


t-q* T (1 — q’)(t — ,•) T (l-q')(t-q 4 j(t-q*) + (l-q*)(l_q*) 
1 




*) 


1 + 


<l-q.)(l-q’z)(l_q'«)(l_q 4 .} 
1 5* 


l_, l_q, ^ 0 — «0(» — «l”) (l-qzHl-q*») 

?! ^ 


d-qJd-qOd-,’) (I_q«)(t_q*.)(l-q , z) ’ 

Ad demonstrationem prioris observo, expressionem 
d + q*)d+q’*){t + q’s)(l + q’*) ... 

posito q’z loco z et multiplicatione facta per ( 1-t-qz), immutatam manere; unde posito: 
(t+qs)(l+q*.)(l+q»»).., = 1+V.+ A”z’ + A"z' + . . , 

eruitur: 

t + A’« + A V + A~z* + . . . = (l+q.)(I + A‘q> X + A"q*s’ + A~q*x> + ...), 
ideoqne, facta evolutione: 

A' = q *f «| a A' f A” = q'A' •+“ *I* A w , A'“ = q*A" -f* q^A'", . . 

sive : 

* A* . q 1 A" 


A- = —3—, A" = -2^_. a - ' = -2—— 
i — q* 1— q* 1 — q* 
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unde : 


A’ i 


q* 


»-S' ’ A “ (1-q’Kl- 


V) 


, A‘" = 


31 

(l -<,•)(!— «fl(l-q*l 


sictfli propositum est 


A<1 demonstrationem formulae 2) observo, expressionem 

• l 

(1— qi)(l— q*l)(l — — (fi) . . . . 

posito q z loco z et mnltiplicatione facta per immutatam manere; unde posito : 

l 

(1— qi)<i— q’*)Ct— q**) • . . . “ 

A'.. A"*’ A"-.' 

1 + TI^T + (t— q’*) + a — q *) d— q**) (i— q*«) + '••• 

obtinemus : 


» + 


A’ 


* A~s> 


1— R* + (t— Ri)(l — •)’*) "** (1— q«)(l — q’t)(l — q’*) + *" 


A*q« 


AjV 


A"q’*' 


l — q * (l— q«)(i— q’«) U— q*)(t — q'«)(t — q>») T (*— q«)(i_q’«)(t— q'i) (1— q*t) 


= t + 


(q + A'q)l (q 1 A' + q' A") t’ 


(q>A'+q'A")»' 


1— q* (l — q*K‘— q’«) (t— qi)(l — q’l)(l — q'«) 

Hinc Huit: 

A’ = q + A' q . A" = q’ V + q* A". .A’" = q* A" + q' V , .... 

ideoque : 


i* 


A' = —3 — , A" = -HL, A~ - 

1-q t— q t — q’ 


unde: 


A' = ■ 


A" = 


q* 


I— q ' (l_q)(l_q>) 

sicuti propositum est. 


, A” 


q* 


(1 — q){l — q’)(t — q') 


•) Substituendo scilicet io singulis terminis resp. ■ = 1 - 


1 , , q’« 

= t + — : — . eet. 


t— q* 


. — ' L— » 1 + ‘» 1 - . 

1— q* 1 — q 7 * l— q s * 


1 — q'* 


1 — q't 
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latu (urinemus productum : 

{(t+qi)<l+q’*)<i+q**) . . j {(l + -jf-j (t +-f j(t + -7-) ■ • •} 


. 1 

• * + 

q* 

•*’ + 


q" 


+ t-q’ 

(t — q')(l — ,x> 

(t- 

— q*)!*— q‘)(t— q") 

, q 

1 . 

q* 

- + 


q* 

is-1 

+ ^7T*- 

— “t" 
z 

(t-q*)(l-q 4 j 


IT 

— q*)(l — q«)(t— «,■) 


Coefticientem ipsius z u sive etiam queni ponemus B'“', eruimus seqiieittetn: B M,> = 

q«' » 

(!_,>•') X 

[l . *** - . 1 ’" q. I’ . ] 

y-r ,_q. 1 — q*“ » ^ (1 — q (l — «I*> (« -q a nt *) 0 -q a u * •) 


(1 — qT (l — q*>(l — q-J • + 


At e fonnula 2), posito q’ loco q et z = q’ n f expressionem, quae uncis inclusa conspi- 
citur, invenimus — 

t „ • 

(1 — 4»“**)(l — q*“ + 4 )(;t — a* 0+ ‘J(t— q*“ + ") . .. ’ - 

• f * 

unde 

nmt C| on 

B " = Ci— i T ) (t— «!*><» — «i*) f*— n-J ■•••• ’ 
id coque: 


|(H-,«)(l+q*t)(i+q>«) . .j |(t + - 3 -j(l q- -7-)(* + -7-) >• •} = 

1 + t >(* + t) + W a * +.T-) + <•*(*’ + Tr) + • - • 

(t — *i~) (i — «pjft— «T)(i— q*) • •• 
sive posito z=e 1,x , et mutato q in — q: 

(I — Sq coi Si q- q’) (l — Sq’ coi 8 x -t- q 4 )(I — Sq* coi Sx q. q") . , , = 
1 — SqcoiSx q- Sq 4 Coi 4 x — S q u coi 6 x q- . 

(t— q’)(i— q*j(t— q*) ••• ' 

Uuod demonstrandum erat. 
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IJLi ponitur — qz ! loco z atque per V^q" z multiplicatur, prodit: 

V~q (* - -ij {« - «'Oa - ')•*’)(« - 4*0 •• •} x 

K— S)(‘~S)(‘-£H - 

0 — q*) (1 — «•*) a— q*> (1 — q*} 

sive posito z = e IK : 

2 V q sin t (1 — 2q*cos2x *f* q*)(l — 2q* coi 2* -f. 4*)(t — 2q* cos 2» -t- q 1 *) • » ■ = 

2 y 1 q sio» — 2y' q' sin S x -4- 2 /ijs sin 5i — 2 y/ i| M sin 7i -f - • • 
(l-q*)(l-q')(t-q*)(l-q*) ... ' 

quae est altera evolutio inventa. 


65 . 

Evolutiones functionum 

1) e|^l| = 1 — 2 q cos2x + 2qs cos4x — 2q"co»6s + 2q lfl coj8s — 
2K« ’ 


2) II ^ = 2 ^""qVins — 2 v q* sin 3* -p 2 y/ q**sin5s — 2^ qs*iin7* -p 

ante ad e 
ponendo u 


ponte ad evolutionem novam functionum Ellipticarum ducunt. Etenim e formulis l) §. 61, 
2K> 


2Ki 


obtinemus : 

, -m 


•/r 

-VT 


2K. /-pr 

O atn = i l 


/ 2Ks l 

S (~ ) 
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unde : 


S) sin «n 


2Kx 1 2 / q sin x — ( 3 x -f- 2 V q n sio 5x — 2^ q w iin7i «4" • • ♦ 


/T 


1 — tq cos 2 * + 2q* cosii — tq* 1 cos 6 1 + 2q‘* cos 8 \ — 


!Kt ,/T cosx - 4 - 2 v^rj* cos 5 x 2 y q* 4 cos 5 x - 4 * s/" q*" eos 7 s + ... . 

4) co*am ^ y k * 1 — 2q cosfx + 2q* cos4x — 2q" cos 6 x -f* 2q ,fc co* 8 x — ♦ . * 


5) Aam 


ilil= /V 


1 -4* 2q costx -f* 2q* Cos4x - 4 - 2q* co*6x -4* *q*“ cos8x -4« . . . 
1 — 2 q cos 2 * 4* *q* cos4x — fq* cos 6 x 2 q** co*8x — ... 


Porro c 2), S) §. 61, cum positum sit ©(o) — y^ * -- ^* , obtinemus: 

»(KJ =y^V' “ (K) = ^T* 0<O) = ^T - ’ B W = V *““* 


unde e l), 2): 

6) y = l+t, + *,♦+*,• + tq« 

7) y = s '/T + * V <F + * V V* + * + * v' q" + • • ■ 

b) = 1 - *i + - *i' + *i” - i i , ‘ + • • • 

9) y k j = *y <i — 6*y"i" + ioW* — u yq« + i* W 1 — • • ■ *) . 

unde etiam : 

r - . *y t + »yy + «yy* + gyy* + * v-r + • • - 


JO) v k i 


+ *q” + 


,-r _ 1 - 2q + tq« - *q- + »q“ ~ *V' + ■ ■ 

fl) * ~r+~*q + *q* + *q* + *q ,r ' + *q'* + • • 


Fit porro, cum sit Z(u) s= n(u, a) = uZ(«) -t- 


1 j ®(u — a) 


12 ) 


2K 


2Kx ^ 4q sinfx — 8 q 4 sin4x -4- 12 q* sit» 6 x — 16q'* sit) 8 x 4" • • 
2 q cos 2 x + 2 q« cos4x — 2 q* co* 6 * -f- 2 q’ ,i cos 8 x — 


- t * 


•) tlenim cum sil 


d 11 


2K dll 

t d n 


, differentiata 2) secundum x ct posito deiude x = 0 


iiLirto, = y kk-(i^-)' 


• prodii 


Digitized by Google 



185 


IS> *Ji). 

_J_| a 1 — *q cos*(« — A) 4- tq« co»4(i — A) — f q" cn< 6 (> — A) 4 - . . 

* * 1 — *qco«t(» + A) - 4 - lq‘coi4(« + A) — iq* co»6;» + A) 4 - . . ‘ 

Qnae est evolutio tertia functionum Ellipticarum. 


Ex evolutionibus inventis: 

* S .. 

I) tfl — q*)(l — q»)(l — q*) . ((1 — *q co»S i + q*)(t — 8 q‘co»*s + q‘) (I _ 8 q*co>*t + ,■») .{ 

1 — 8 q cosSi 4" Sq» cos 4 x — Sq” cos 6 s 4 - Sq 3 * conii» — . 

!(1— q*) fl — q»)(l — q‘) . .|*int(l — iq* coj*« 4- q«)(l — Sq» co»S» 4 - q‘) ... 


»1»« — q 3 lioSi 4 q" sin 5 s — q 1 * sin 7 i 4" q*° «in 9 * — ... 

quarum postremam, posito /*q" loco q, ita qaoque exhibere licet: 

*) tfl — q)(t — q*)(l— q 1 ) . .1 »in*(l — *qco«ii 4 »q’)(l — *q*co»*i 4» q*;(l _ Sq co.i» 4- q*) 

sin « - — q linSx 4" q 3 tinS» — q* sin 7 1 4- q lft sin 9* — q 3t sin II t 4. . ... 

sequitor, posito x = 0, x = 

„ (t — q)(t— q*)(l— ■q l )(t — q*) . . . 


(t+q)(l+q’Kl+q')(t+q 4 ) .. 

(l-q?)Cl— q»)(t-q-)(l-q») . . 


(l_q)(l_q>)(l_q.)( 1 _qi) .. 

5) KI-qHt-q^d-q^d-q’) . . 


= 1 _ *q 4. *q« - Sq” 4 - Sq 3 » - . . . 


- = I + q + q' + q’ + q" + q 3 ' 4- • • 

= 1 — Sq 4 - 5q* — 7 q“ 4 - 9q“ _ . . . 


Ponamus in 2) x = — , fit sin x = ^ sin8x = 0, sinSx=^= — yf sin7x 

= -H\ / j, cet.; porro (1 — q)(l — 2q cos2x-t-q J ) = l — q*, unde 2 ) in hanc obit 
formulam : 

(1 — q')(I — q*){l— q»)(t — q 3 *) . - - t — „q> — q* 4- <l“ 4- q’ 3 — q” 

sive : 

6) (l-q)(l-q*)(I-q*)fl— q*) • • = 1 - q - q* 4- q* + q’ — q 31 

A a 
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cuius serici (crinitius generalis est: 

Snnf d 
* • 

Comparatis iuler se 6), 6) obtinemus : 

T) J' = l-Sq + 5 qi_ 7 q*+ 9 q” 

• 

Formulam 4) etiam Cl. Gauss invenit in Commentatione : Summatio Serierum 

(jiuirundam singularium . Comm. Gott. Vol, I. a. 1808 — 1811. Ouam ille deduxit e se- 
quente formula memorabili: 


(1— q»)(l— q».)(l-q‘«)(l— q’») ... • 

(l-q)(l-,'}(t-q>)(I-q’) ... 

q(i — t) . q’(t— »)(•— q») . q*(t— «)(*—< q«)(i — q*0 

1-, ^ (t-q){l-q‘) (t-q)(l-q s )(l-q>) ^ 


posito z=q. Cui addi possunt formulae similes, quarum demonstrationem hoc loco 
omitto : 


-L ( 1 + »>H+q»)a+q , «)-- . J_ (l-«)(l-qi)(l-q»l).. 

* <t+q)(i+q*)tt+q') •• ^ * <i+q)(»+q*)U+q*> • • 

q (>-»') qMl-Qfl-q-O _ q’(l-Q[l-q’t»)(l-q« Q 
1-q* + (1— q’)(i— q 4 ) (t-q*)(l-q*)(l-q*) 

q (l + .)(l + q»)(l + q’0 .. q_ (l-«)(l-qt)(l-q'.) ■. 

it ' (l+q)(l+q*J(l + q’) .. I* * O + qUl + q^U+q’) . . 

q*(l— O q-o-Qd-qV) _ q l *(l — O Cl~ — q a **)(t — q* »’) 

’ 1-4* ^ (1 — q*)(l— q‘> (l-q*)(l_q 4 )(l-.q*) 


quarum 9), posito z = q, praebet: 

J_ i (i— q)(i— q’)fi— q*) • • 

* * ’ ti+q)(i+q*)(i+q’).. 


* — q + q* — q’+ • •• 


sive : 

(t — qj(i— q*)(l— , 4 )(i — q«) •• 
(i+q)(i+q , )<i+q’)(M-q*) •• 

quae est formula 3). 


t-* q +Sq*-*q* + . ... 


Formula 6), quae profundissimae indaginis est, ut quae a Insectione functionum 
Ellipticarum pendet, iarn e longo tempore a Cl. Euler inventa est et luculenter demon- 
strata. De qua insigni denioustratione alibi nobis fnsius agendum erit. 
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His addamus evolutiones sequentes: 


11 ) 


V “'(“)' 

«v^Tci-q*) 

1 — 2 q eo* 2x«f q‘ 


»*/ »l UI-q*)( | -q < )H-t , )(i-q‘) ■ • 

(1 — 2qco*2x-fr*q*) (1 — 2q' CO»2»«f-q*) (l — 2q 4 co*2* + q , °) 


12j 


1 

sin x 


y “■(" / 

*q’(i+q'j *'»* 


1 — 2q* co*2x + q 4 

l_ ( Cl — V)<1— q«) 
nx | 1 *— 2q*coxf x -$■ q 4 


«yy fi-i‘) ?yy»(i-g“') 

1 — 2q l co*2x q* 1 — Sq*co»2s -f- q*° 

_ |(l-q»)(I-q 4 )(I-q«)Cl-q») ...f 

sin s (1 — 2 q* eo* 2 x ■+• q 4 ) (1 — 2 q* eo* 2 x *f» q") (1 — 2 q* eo» 2 x *+* q**) . 

»q*(!4*q 4 ) 4 q 1 * (1 q* 1 ) sin x 


1 — 2q*co*2x -f q* 

q’(l— «f*3 C»— q*) 


1 — 2q*cos2i + q* 1 


_ q"(l-q*)(i-q”; __ i 

1 — 2q 4 coi2i«f q" 1 — 2q“co»2* + q*’ I’ 


quae e nota theoria resolutionis fractionum compositarum iu simplices facile ohtiuentui . 
Hinc deducuntur evolutiones speciales: 


IS) 

2kK 

TT 

- ‘^(m 

4 

\ i+q’ 

14) 

2k'K 

4q 

es 1 i- + 

i+q 

4 q’ 

4q fc 

ir 

i+q’ 

i+q’ 


*q 


- -i — ■■ ■ ■ - _ . . . 
i’ l+q* 

Quibus cum evolutionibus expressionum - tK , — — — supra exhibitis comparatis , prodit : 

/y /q‘ ■ /V /V . 

1 — q 1 — q’ 1— q* 1 — q 7 


t _ -li. + 

1+, ^ l+q’ 
I _ 4,1 q- 4, l' 


♦q 1 , 

« + q‘ ^ l + q' 
4q* «q 1 » 


1 +q ' l+q’ l+q’ i+q’ 

Simili modo Cl. Ctauaen nuper observavit*), seriem 

a ii* q* q« 

-r L - r + 
i— q' i— q* 


1-4 


i— q’ 


*) Crtlit Journil «I. Tom. IU. pag. 95. 


\ n 2 
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transformari posse in hanc: 



Invenimus supra evolutiones ipsorum ~ , iii. eorunujae dignitatum secundae, 

tertiae, (juartac in series. Quae igitur evolutiones dignitatis secundae, guartac , sex- 
tae, octavae expressionum 



= i + *q + *q* + *q* + «q” 1 + . . 


= *V t + «V q" + *W‘ + *Vq M + . . 


suppeditant, unde varia theoremata Arithmetica fluuut. Ita e. g e formula : 
{ — ) = {' + *i + *q* + *q* + *V + ••)' = 


..«fi . i’ . q’ 

‘ + V- q - + + + 

t + 8£ V (r)jV + Sq ' p + s p + Sq*r + . .j. 


t+q* ^ I 


ulii p numerus impar quilibet, $ (p) summa factorum ipsius p, (luit tamquam Corel- 

•C2 

larium theorema incljtum Fermatianum , numenim unumquemque esse sro*>n— m qua- 
tuor quadratorum. 

» 1 ‘ • 


H A l. A f. , T r r I S K X I* h E S S L* 31 GEBAihhl It. 
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CORRIGENDA. 


Lectorem benevolum oratum volo , ut aute lectionem corrigat , quae irrepserunt menda graviora 
spqurotia ; 

Pag. 5. lin. II. leg. M loco U, bis. 

A l — It’ , A I — .’ 

-7.-7. loco — . tt-: — leg. — rj- ■ 

i)’ C (l + u>«)* 


B + 

— 8. loco It’ leg. 

— 8.-6. loco t/~k . « leg. /"T . « , bU. 

_ 9. U el V ubique inlrr ie eommulari debent. 

— 10. — 2. 4. 6. loco — leg. -f- 1 / li • 

— 17. — 8. loco a"y, b”y l«g* »”y*» b")\ 

/ ^m+i' f V Tm + l 

— n . - 12 . loco y — leg. y — — • 

I,»»— »» b'm-11 

— 13. loco . • leg. 


17. loco 


k- ” 

u (2? 


k m ’“* 

'O Ug> u ( gv i u1 ) 


— iV* — 17. loco (l-f-5*)* leg* (1 +**)'• 
lOiiiim. — 5. loco + v* leg. — v*. 

— 7. loco: v loco u, leg.: u loco v. 

— 18. loco (1 — u’.*) leg. (1 — 4u’v^. 


lin. po.tr. loc.; 
— 81. — logo 


u’(l + u'T) + 
di 


. leg. 


leg. 


n(u-f-v')y — . . 
u’(l +u>.) — . . 
dtp 


/* 1 — k’ «in t/ 1 
_ S5. — 10. U. loco k leg. k". 

lin. postr. loco profati leg. perftui. 

U— I 

S9. — 16. loco M leg. ( — I) 3 M. 

47. — 10. loco - 1* le«* t • • 


f 1 — k T 


51. 8. delendum 


adjiciendum : 


f K k ” t \ 

=s - ^ t|| - . cos «m (u) cos ani 


— 9. delendum 


V sS* ' dii,:ic 

/ 4Ki / 8K. { . 4{n-ljK| 

|u + — J co, an.(u + — ) • • co. •«.(« + — — )■ 

/ -T-. adiicicodum : 

k” , 

/ 4K\ . [ . 8K> „ l 4(o— 1)K\ 

_ . a an, (») <i an. (u + — J A n. (u + — J . . a am ) 


B b 
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60. 

68 . 

64. 

67. 

76. 

79. 

80. 


lio. 19. loco f 1 — X’.’ leg. /" l— X*y* 

— 6. loco sin 1 im u leg. y y. 

— IX. loco earum leg. tarumque . 

_ , X m' i K* . X m' i K' 

— XI. loco leg — — . 

n n M 

— 17. loco — 19XX* leg. + I9XX\ 


— 4. loco . 


X".. 




_ ,0. loco J ^.| leg. 


94. 

98. 


FT T- k'.. 

3k' 
k* * 

— 12. loco k 4 k'* leg. 4k 4 k'*, Ifeco k'*(l — k')* leg. 4k**(l — k’)*. 

— 14. loco k* (1 — k')* leg. k»(l + k‘)\ 

— 11. loco — <j* leg. — 2q*. 

— 11. loco k**»* leg. k'*»'. 

lin. penult. loco opposuisse leg. apposuisse. 


— 9. loco — — lec. — 

k» 


104. — 4 . loco — . 


0+q’) 


— leg. — 


8n 


d+q)* 


105. 
107. 

106. 

111 . 

114. 

117. 


118. 

120 . 

124. 

125. 
128. 
191. 


24 . 24 

— i* loco — To q * eg * "“T 4 " 


— 8. loco formula leg. unde formula. 

— 18. loco evolutas , — — nanciscimur leg. evolutae nanciscuntur. 

— "M“)' 

lin. ulu loco quem leg. quam . 


— 12. loco 


2 K 2 E 


leg. — 5 - 


XK XE 


— 8. loco 9SX9 leg. SXX9. 

— 15. loco + SXk* leg. + XSIcV 

— XO. loco n(Xn — X) leg. H(Xn — 1). 


lin. ult. loco 


1 * 8 - 


d’*in n am u 


d u 

— 8. loco —2 leg. — 2k\ 

— 10. loco — 92(l-f-k*) leg. — 92k»(l+k*). 

„ , / XK XK XK XE* 1 

— 17. loco 


/ 2K 

V n 


■W“- 4 -) 


— 7. loco »in am fu — v) — • leg. ain am (u + v) — . 
lin. antep. Tajloriana leg. Tajloriano. 

— 10. loco — 2 leg. — , 

lin. penult. loco 2. 4. 6. 7 leg. 2. 4.6.8. 

— 1, 2, 9 loco ( — i; n *» — 1 , (— l) B 4"-\ (— 1)"6«-* leg. (— 1)“-'2» (— 1)*>-M» 

(— l)«“»6 jn -«. 

/2K\ aB ”» /2K 

— 7. 8. 9 loco (_ ) leg.f— ) . 
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132. lin. 14. loco tang. ani u leg. i tang. am u . 

144. — 7. loco 1 — k* sin* am u . aio* tp leg. 1 — k' aio’ am a * »in* am u. 

152. — 7. loco tfui&o * , i r an ii leg. quibus, transis. 

154. — 11. loco Z (u) — & (u ■+• a) leg. Z(u)-f-Z(a)— Z(u-f-a). 

158. — 10. in denominatorc loco 1 — k’ .. leg. 1 + k* .. 

159. — 14. loco — n(u, u-f-b) leg. — n(u, a + b). 

160. — 15: 2). 3) delendum. • 

164. - 10. loco (<l-q)(l-q>Kl-q*) -1 leg. f (t — q> (1 _ (I -q') -I*. 
169. — 10. loco i u Z leg. i a Z . 

171. — 21. loco classem leg. in classem. 

172. — 1. loco £ leg. Et. 

— 6. loco n(u+i, a + i l>) leg. n(u + iv, a + i b) . 

174. — 2. loco ainam u leg. »m am u . 0 u. 

176. lin. antep. loco Quam leg. Quem. 

178. — 1. loco varie leg. serie . 

180. — 8. loco Quam leg. Quem. 
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3n unfcrm QSrrlage i(t crfcfyrtmt : 

'Jlrgcl anbec, Dr. g. fiD. ?!., Unterfut&ungcn ubft bic S?at)i» br* greficn Cometen coni 3aljr 1811. 
#it 1 Supfcc gt. 4. 1823. gcf). 1 9\tf)lr. 

Saucbo, 9. Vcfjtbucb b« algebraifcbcn 9nalpfi«, au* bem granjb|if<t)cn u brrfc^t pon C. t. 8?. 
JCiujIec. gr. 8. 1828. 2 Kt&lr. 

Herlmrl, G. F. , de attentionis mensura causisgue primariis. 1'sycholopine principia slalica 
et mechanica exemplo illustraturus. 4. 1822. 25 Sgr. oder 20 gGr. 

— — ubfc bie TObglii^fetr unb SRotbmcnbiafcit, 3Sathrmatif auf $(ij<t>olo«ic antutpfnbfn. 8. 
1822. 12$ £gr. cbcr 10 g@r. 


roirb erfcfyfinm: 

Tabulae Regiomonfanae reductionum observationum astrononiicarnm ab Anno 1750 nsipie ad 
Annum 1850. Auctore F. W. Bessel. 
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